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1. Fifteendistinct points are designated on AABC' :the 3vertices A, B, and C; 3 other
points on side AB; 4 other points on side BC’; and 5 other points on side C'A. Find the
number of triangles with positive area whose vertices are among these 15 points.

Solution:

There are (135) = 455 ways to choose 3 of the points. A choice fails to give a triangle of

positive area exactly when the 3 points are collinear, which happens only when all three
lie on one side of the triangle. Including its endpoints, side A B contains 5 points, BC
contains 6, and C'A contains 7, giving (g) + (g) + (;) =104+ 20+ 35 =65
collineartriples.

The number of trianglesis 455 — 65 = 390.



2. Wheneachof 702, 787,and 855 is divided by the positive integer m, the remainderis
always the positive integerr. When each of 412, 722, and 815 is divided by the
positive integer n, the remainder is always the positive integer s # r.Findm + n +
r+Ss.

Solution:

Numbers leaving equal remainders upon division by m differ by multiples of m, som
divides both 787 — 702 = 85 and 855 — 787 = 68. Since gcd(85,68) = 17andm
must exceed the positive remainderr,wegetm = 17,andr = 702 — 41 - 17 = 5.

Similarly n divides both 722 — 412 = 310and 815 — 722 = 93,and gcd(310,93) =
31,son =3lands =412 — 13 - 31 = 9, whichindeed differs fromr.

Therequestedsumis17 + 31 + 5+ 9 = 62.



3. Forapositiveintegern,letd,, be the unitsdigitof1 +2 4+ 3 4+ - - - + n.Find the
remainder when

2017

> d,
n=1

is divided by 1000.
v
Solution:
Here d,, is the units digit of the triangular number @ Since w —

—n(n;l) = 20n + 210is amultiple of 10, the sequence d,, is periodic with period 20.

Computing one period,
(d17 d2a ceey d20) = (17 37 6a 07 57 17 87 67 57 57 67 87 ]-7 5a 07 67 37 17 07 0)7

which sums to 70.

Since 2017 = 100 - 20 + 17, the totalis 100 - 70 plus the first 17 terms of the period,
whichsumto 70 — (1 + 0 + 0) = 69. The sumis 7069, so the remainderis 69.



4. Apyramidhas atriangular base with side lengths 20, 20, and 24. The three edges of
the pyramid from the three corners of the base to the fourth vertex of the pyramid all
have length 25. The volume of the pyramid is m+/n, where m and n are positive
integers, and nis not divisible by the square of any prime. Find m + n.

Solution:

Since the apexis equidistant from all three base vertices, its foot is the circumcenter
of the base. The base isisosceles with sides 20, 20, 24 : its altitude to the side of
length 24is v/202 — 122 = 16, soitsareais K = 3 - 24 - 16 = 192, and its
circumradiusis

abc 20-20-24 25

R=1K~ 4192 2

The height of the pyramid s 4/ 252 — (2—25)2 = %,sothevolume is% -192 - 25—2*/5 =
800+/3.Thenm + n = 800 + 3 = 803.



5. Arational numberwritteninbase eightis a b.c d, where all digits are nonzero. The same
numberinbase twelveisb b.b a. Find the base-tennumbera b c.

Solution:

The integer parts must be equal: 8a + b = 12b + b, so 8a = 12b, thatis 2a = 3b.
Since a and b are nonzero base-eight digits (at most 7), the only options are (a, b) =
(3,2)and (6,4).

The fractional parts must also match: £ + 6% =2+ ie. S‘gj;d = 1204 por
(a,b) = (6,4) theright sideis % = g—j, forcing 8¢ + d = 24, which has no solution
with both digits nonzero and less than 8. For (a, b) = (3, 2) theright side is 12T74 = g,
so8c +d = 12,givingc = landd = 4.

Indeed 32.14.ight = 22.23¢welve, and the requested numbera b cis 321.



6. Acircleiscircumscribed around anisosceles triangle whose two congruent angles
have degree measure x. Two points are chosen independently and uniformly at
random on the circle, and a chordis drawn between them. The probability that the
chordintersects the triangle is ;—g . Find the difference between the largest and
smallest possible values of x.

Solution:

Eachinscribed angle of the triangle subtends an arc of twice its measure, so the
vertices split the circle into arcs of 2z, 2z, and 360 — 4 degrees. The chord fails to
intersect the triangle exactly when both random points fall in the same arc, which has

probability
2¢ \> [ 2z\® [360—4z)’ 14 11
) (=) + () =1 =
360 360 360 25 25
Settingy = 1%, thisreads 2y® + (1 — 2y)* = 41, whichsimplifies to 75y — 50y +

7 = 0,withrootsy = %andy = 1—75.These givex = 36 andx = 84, bothlegitimate
base angles of anisosceles triangle.

Therequested differenceis 84 — 36 = 48.



7. Fornonnegativeintegersaandbwitha + b < 6,letT(a,b) = (2) (g)( 0 ) Let S

a+b
denote the sum of all T'(a, b), where a and b are nonnegative integers witha + b < 6.

Find the remainder when S'is divided by 1000.

Solution:
By the symmetry (aib) = (6_(2+b)),substituting c = 6 —a — bturnsthe suminto
6)/6) /6
S = .
RHINY
a+b+c=6

Each term counts the ways to choose a elements from one 6-element set, bfrom a
second, and cfrom a third. Summed overalla + b 4+ ¢ = 6, this counts every way to
choose 6 elements from the combined 18-element set,so S = (168) = 18564.

The remainderupon division by 1000 is 564.



8. Tworeal numbers a and b are chosenindependently and uniformly at random from the
interval (0, 75). Let O and P be two pointsin the plane with OP = 200.LetQ and R
be points on the same side of line O P such that the degree measures of Z PO and
/POR are aandb, respectively,and ZOQ P and ZORP are bothright angles. The
probability that QR < 100is equalto % , Wwhere m and n are relatively prime positive
integers. Findm + n.

Solution:

Since ZOQP = ZORP = 90°, both Q and R lie on the circle with diameter OP,
whose radiusis 100. The angle ZQOR = |a — b|is aninscribed angle in this circle, so
the chord satisflies QR = 2 - 100 - sin |a — b|. Because |a — b| < 75°,the condition
QR < 100,i.e.sin|a — b| < 3,isequivalentto|a — b| < 30.

Inthe 75 x 75 square of equally likely pairs (a, b), the region |a — b| > 30 consists of
tworight triangles withlegs 75 — 30 = 45, so the probability is

. 452_1 9 16
752 25 25

Thereforem +n = 16 + 25 = 41.



9. Letajg = 10,andforeachintegern > 10leta,, = 100a,,_1 + n.Findtheleastn >
10 such that a,, is a multiple of 99.

Solution:

Because 100 = 1 (mod 99), the recurrence givesa,, = a,,_1 +n (mod 99), so

_ (n+10)(n —9)

a,=10+11+---4+n 5

(mod 99).

We need 99 | w. Oneofn + 10andn — 9iseven, so thisisthe same as
requiring 9 and 11 each to divide the product. Since the two factors differ by 19, they

cannot both be multiples of 3.

So 9 must divide one factor entirely and 11 the other (or one factoris divisible by 99).
Checkingthecases:99 | n — 9firstatn = 108;99 | n + 10firstatn = 89;9 | n +
10with11 | n — 9firstatn = 53;and 11 | n + 10with9 | n — 9 firstatn = 45.

Theleastisn = 45, where @ = 990isindeed a multiple of 99.



10. Letz; = 18 4+ 834,29 = 18 + 39¢,and 23 = 78 + 99i, wheret = v/—1. Let zbe the

Z3 2 . z j" is arealnumber and the

imaginary part of zis the greatest possible. Find the real part of z.

unique complex number with the properties that

Solution:

213 Z1

The argument of isthe angle £ z92123,and the argument of - — Z2 |sthe angle

between zzo and ZZ3. Their productis real exactly when these angles are equal or
supplementary, which by the inscribed angle theorem happens exactly when z1, 29,
z3,and z are concyclic. So z lies on the circumcircle of 21, 29, 23.

The segment from 18 + 39¢to 18 + 83z is vertical, soits perpendicular bisectoris the
horizontalliney = 61. The segment from ze = 18 4 397to 23 = 78 4+ 997 has slope 1
and midpoint (48, 69), soits perpendicular bisectorisy — 69 = —(x — 48). Setting

y = 61 givesx = 56, sothe centeris 56 + 61z.

The point of the circle with maximal imaginary part is directly above the center, so the
real part of zis 56.



11. Considerarrangements of the 9 numbers1,2,3,...,9ina3d X 3 array. Foreachsuch
arrangement, let a1, as, and ag be the medians of the numbersinrows 1, 2, and 3,
respectively, and then let m be the median of {ay, as, as}. Let Q be the number of
arrangements for whichm = 5. Find the remainder when @) is divided by 1000.

Solution:

Renameeachofl1,2,3,4asLandeachof6,7,8,9asG.If 5isnotarow median, then
no row median equals 5, som # 5.Thus 5's row must containone Land one G
(reading L5G in some order), and the other two rows must supply one median below 5
and one above. With the remaining three L's and three G's, those rows are either LLL
and GGG, orLLG and LGG.

Count arrangements of letters: the three row types can be assigned torows 1, 2, 3in
3! = 6 ways, andthe L5G row can be orderedin 3! = 6 ways. Inthe first case LLL and
GGG have 1 ordering each, giving6 - 6 - 1 = 36 patterns;inthe second, LLGand LGG
each have 3 orderings, giving 6 - 6 - 9 = 324 patterns. Thatis 360 letter patternsinall.

Finally the four L's can be filled with 1, 2, 3, 4in 4! ways and the four G's with 6, 7, 8, 9in
4!'ways, so Q = 360 - 242 = 207360, whose remainder mod 1000 s 360.



12. Callaset S product-freeif there do not exista, b, ¢ € S (not necessarily distinct) such
thatab = c. Forexample, the empty set and the set {16, 20} are product-free,
whereas the sets {4, 16} and {2, 8, 16} are not product-free. Find the number of
product-free subsets of theset{1,2,3,4,5,6,7,8,9,10}.

Solution:

Sincel -1 = 1,no product-free set contains 1. Split by the least element t. Ift > 4,
any product of two elementsis atleast 16 > 10, so every subsetof{4,5,...,10}
works: 27 = 128 subsets, including the empty set.

Ift = 2 :then4 ¢ S(as2 -2 = 4),while 7and 8 are unrestricted (2 choices each).
Among {3, 6,9}, the constraints2 - 3 = 6and 3 - 3 = 9leave exactly
@,{3},{6},{9}, {6,9} — 5 choices. Among {5, 10}, the constraint 2 - 5 = 10leaves
3 choices. Thatgives2-2-5-3 = 60sets.Ift =3 :then9 ¢ S(as3-3 = 9),and
any subset of {4,5,6,7, 8,10} may be added since all other products exceed 10 :

26 = 64 sets.

Intotal there are 128 + 60 4+ 64 = 252 product-free subsets.



13. Foreverym > 2, let Q(m) be the least positive integer with the following property:
Foreveryn > Q(m),thereis always a perfect cube k3intherangen < k3 < m - n.
Find the remainder when

2017

> Q(m)

is divided by 1000.

Solution:

Ifk3 < n < (k + 1)3, thentheinterval (n, mn| contains the cube (k + 1)3 aslong as
(k+ 1) <mkdie (1+ %)3 < m.Since (1 + %)3 < 8forallk > 1,everym > 8
has Q(m) = 1.

Ford < m < 7:n = lfailssince (1, m| contains no cube, but forn > 2 theinterval
works: 8 < 4ncovers2 < n < 7,and (1 + %)3 < % < 4coversk > 2.50Q(4) =
Q(5) = Q(6) = Q(7) = 2.Form = 3 :n = 8fails(no cubein (8, 24]), while 27 <
3ncovers9 < n < 26and (%)3 < 3coversk > 3,s0Q(3) =9.Form =2:n =31
fails (no cubein (31, 62]), while 64 < 2ncovers32 < n < 63 and (2)3 < 2covers
k> 4,50Q(2) = 32.

Therefore

2017
Y Q(m)=32+9+4-2+2010- 1 = 2059,

m=2

andtheremainderis 59.



14. Leta > landz > 1satisfylog,(log,(log, 2) + log, 24 — 128) = 128 and
log,(log, ) = 256. Find the remainder when z is divided by 1000.

Solution:

Exponentiating the first equation twice: log,, (log, 2) + log, 24 — 128 = a!?8
128

becomeslog,(24log, 2) = 128 + a'?®,s024log, 2 = a'® . a% " ,i.e. 2?1 =

128 al28 93
a(a “ ).Settingt = a“m,the right side is ! and the left side is (23) , S0 by the
strict monotonicity of ¢! we get a? = 8. Writingc = log, a > 0, thissaysc -
2128 = 3 whichisincreasingin cand satisfied by ¢ = &; :indeed &; - 2° = 3. So
q — 23/64.
The second equationgivesz = a® . Here a2 = 2256:3/64 — 212 — 4096, so

o — 2096 _ 94096:3/64 _ 9192

Clearly2'”? = 0 (mod 8).ByEuler'stheorem?2'?’ =1 (mod 125),502'%* =278
(mod 125), the inverse of 256 = 6. Since 6 - 21 = 126 = 1 (mod 125), we get
2192 = 21 (mod 125). The unique residue mod 1000 thatis 0 mod 8 and 21 mod 125
is 896.



15. The area of the smallest equilateral triangle with one vertex on each of the sides of the
right triangle with side lengths 24/3, 5, and v/37, as shown, is mT\/z_) ,wherem,n,andp
are positive integers, m and n are relatively prime, and pis not divisible by the square

of any prime. Findm + n 4+ p.

Solution:

Place the right angle at the origin with vertices (0, 0), (5, 0),and (0, 24/3), so the
hypotenuse lies onthe line 24/3  + 5y = 10+/3. Let the equilateral triangle's side
between the two legs have endpoints (s cos 8, 0) and (0, s sin 6), where sis the side
length. Its midpoint is 5 (cos 6, sin #), and moving a distance @s perpendicular to the

side places the third vertex at 5 (cos 0 + v/3sin6, sinf + v/3 cos 9) .
Substituting this vertexinto the hypotenuse equation and simplifying gives

. 20+/3
73 cosf+11sinf’

The denominatoris at most \/(7\/5)2 + 112 = /268 = 24/67, attained foran

(10v/3)* 300
67 67"

admissible 8, so the minimum side length satisfies s =

Theminimumareais% . 360—70 = %‘ﬁ,soerner: 754+ 67 4+ 3 = 145.



Problems: https://live.poshenloh.com/past-contests/aime/20171




