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The 8 eyelets for the lace of a sneaker all lie on arectangle, four equally spaced on
each of the longer sides. The rectangle has a width of 50 mm and alength of 80 mm.
Thereis one eyelet at each vertex of the rectangle. The lace itself must pass between
the vertex eyelets along a width side of the rectangle and then crisscross between
successive eyeletsuntilitreaches the two eyelets at the other width side of the
rectangle as shown. After passing through these final eyelets, each of the ends of the
lace must extend at least 200 mm farther to allow a knot to be tied. Find the minimum
length of the lace in millimeters.

Solution:

The four eyelets on each 80 mm side are equally spaced with one at each vertex, so
consecutive eyeletson aside are % mm apart. The lace consists of one segment
across the 50 mm width, six crisscross pieces (after the width crossing, each of the
two strands makes three crossings to reach the top), and two free ends of at least 200

mm each. The lace is shortest when every piece is a straight segment.

Each crisscross piece spans the fullwidth and rises one gap, soitslengthis

) 170
VE0P 4 (F) =50 = =

The minimum lengthis 50 + 6 - 122 + 2 - 200 = 50 4 340 + 400 = 790.



2. Anurncontains4 green balls and 6 blue balls. A second urn contains 16 green balls and
N blue balls. Asingle ballis drawn at random from each urn. The probability that both
balls are of the same coloris 0.58. Find V.

Solution:

Both balls are green with probability % . % ,and both are blue with probability % .

N

ST The conditionis

64 + 61V 29

10(16 + N) 50
Clearing denominators, 5(64 + 6N) = 29(16 + N ),so0 320 + 30N = 464 + 29N,
giving N = 144.

3. Findthe number of rationalnumbersr,0 < r < 1, suchthatwhenriswrittenasa
fractioninlowest terms, the numerator and the denominator have a sum of 1000.

Solution:

Writer = 7 inlowesttermswitha + b = 1000;since0 < r < 1,weneed1 < a <
499. Because gcd(a, b) = ged(a, 1000 — a) = ged(a, 1000), the fractionisin
lowest terms exactly when a is coprime to 1000.

There are ¢(1000) = 1000 - 5 - 3 = 400integersin [1,999] coprime to 1000, and
they pairupasa <+ 1000 — a(notea = 500is not coprime to 1000), so exactly 200 of

them are less than 500. The answeris 200.



4,

Jon and Steveride their bicycles on a path that parallels two side-by-side train tracks
running in the east/west direction. Jonrides east at 20 miles per hour, and Steve rides
west at 20 miles per hour. Two trains of equal length, traveling in opposite directions at
constant but different speeds, each pass the tworiders. Each train takes exactly 1
minute to go past Jon. The westbound train takes 10 times as long as the eastbound
trainto go past Steve. The length of each trainis % miles, where m and n are relatively
prime positive integers. Findm + n.

Solution:

Let the eastbound and westbound trains have speeds v; and vy miles perhourand
common length L miles. A train passes ariderin time L divided by their relative speed.
Passing Jon (riding east at 20) in % hour gives

L L 1

01 —20 wvy,+20 60’

sov; = 60L + 20andvy = 60L — 20.

Relative to Steve (riding west at 20), the speeds are v; + 20 andvs — 20, and the
westbound train takes 10 times as long: 02520 = vllggo,so v1 + 20 = 10(vy — 20).

Substituting, 60L + 40 = 600L — 400,s0540L = 440and L = g—g
Since ged(22,27) = 1,the answeris 22 + 27 = 49.




5. LetthesetS = {Py, P,,..., P;5} consist of the twelve vertices of aregular 12-gon.
Asubset ) of S'is called communal if there is a circle such that all points of () are
inside the circle, and all points of S notin (Q are outside of the circle. How many
communal subsets are there? (Note that the empty setis a communal subset.)

Solution:

A subset (Q iscommunal exactly whenits vertices are consecutive around the 12-gon.
Indeed, a separating circle meets the circumcircle of the 12-gonin at most two
points, so the verticesinside it form a contiguous arc. Conversely, any run of
consecutive vertices can be separated from the remaining vertices by aline, and a
sufficiently large circle on the proper side of that line contains exactly that run.

Foreachsize kwithl < k < 11 there are 12 runs of k consecutive vertices (one
starting at each vertex), giving 12 - 11 = 132 subsets, and the empty setand all of S
are alsocommunal. The totalis 132 + 2 = 134.

6. Thegraphsy = 3(x — h)?> + jandy = 2(z — h)? + k have y-intercepts of 2013
and 2014, respectively, and each graph has two positive integer x-intercepts. Find h.

Solution:

Settingx = 0gives3h? + j = 2013 and 2h? 4 k = 2014. Expanding, the first graph
isy = 3z2 — 6hx + 2013, whose roots are positive integers with sum 2h and product
% = 671 = 11 - 61. Similarly the secondisy = 222 — 4hx + 2014, with integer
roots of sum 2h and product % = 1007 = 19 - 53.

The first pair of rootsis {11,61} or{1,671},so 2h = 72 or 672; the second pairis
{19,53} or{1,1007},so 2h = 72 or1008. The only commonvalue is 2h = 72, so
h = 36, whichindeed gives z-intercepts 11,61 and 19, 53.



7. Letwand zbe complexnumberssuchthat |w| = 1and|z| = 10.Letd = arg (%) .

z
The maximum possible value of tan? f can be written as 1(—;, where p and q are relatively

prime positive integers. Find p + q. (Note that arg(w), forw # 0, denotes the
measure of the angle that the ray from 0 to w makes with the positive real axis in the
complexplane.)

v
Solution:
Since == = = — 1,and 7 can be any complex number of modulus l—lo,the point{ =
—“’;z ranges over the circle of radius % centeredat —1.

Because tan? @ is unchanged when 8 shifts by 180°, we want the largest angle a that a
ray from the origin to this circle makes with the real axis. The extreme rays are tangent

to the circle, wheresin a = le = %.
Then
o2 — sina 1/100 1

1 —sin’a 99/100 99’

sop+q=1+499 = 100.



8. The positive integers N and N2 both end in the same sequence of four digits abed
whenwrittenin base 10, where digit a is not zero. Find the three-digit number abc.

Solution:

The conditionis N> = N (mod 10%),thatis, N(IN — 1) = 0 (mod 2* - 5%). Since
consecutive integers are coprime, 16 divides one of N, N — 1 and 625 divides one of
them. This gives four cases modulo 10000 : N = 0, N = 1, N = 625 (whichis 0 mod
625 and 1 mod 16),and N = 9376 (whichis0mod 16 and 1 mod 625).

The last four digits abed must have a # 0, which rules out 0000, 0001, and 0625. So
abed = 9376 — forinstance 93762 = 87909376 — and abc = 937.

9. Letz; < x9 < x3bethethreerealroots of the equation1/2014 23 — 402922 + 2 =
0. Find a:z(azl + 333).

Solution:
Write a = 4/2014, so the equationis az® — (2a® + 1)z% + 2 = 0. It factors as

(az — 1) (z* — 2az — 2) =0,

as expanding confirms. So onerootis %, and the othertwo are a &= v a? + 2, with
product —2 and sum 2a.

Sincea —va?+2<0< ?1L < a -+ va? + 2,themiddlerootis zy = %,andwl +
x3 = 2a.Therefore zy(xy + x3) = 1 - 2a = 2.



10. Adisk withradius 1 is externally tangent to a disk with radius 5. Let A be the point
where the disks are tangent, C be the center of the smaller disk, and E be the center
of the larger disk. While the larger disk remains fixed, the smaller disk is allowed to roll
along the outside of the larger disk until the smaller disk has turned through an angle of
360°. Thatis, if the center of the smaller disk has moved to the point D, and the point
on the smaller disk that began at A has now moved to point B, then AC is parallelto
BD.Then sin2(ZBEA) = o, where m and n are relatively prime positive integers.
Findm + n.

Solution:

Place E at the originwithC' = (6,0),s0 A = (5,0). When acircle of radius 1 rolls
without slipping outside a fixed circle of radius 5 and its center sweeps an angle ¢
about E/, the rolling contact turns the disk through b relative to the line of centers,
and the revolution of that line adds ¢ more, so the disk turns 6¢ in the ground frame.
Turning through 360° therefore means ¢ = 60°,so D = 6(cos 60°, sin 60°) =

(3,3v3).

Having turned through a full 360°, the disk is back inits original orientation, so the
vector fromits center to the marked pointisunchanged: B =D + (A — C) = (3 —
1,3v3) = (2, 3v3). (Inparticular BD is parallel to AC, as the problem states.)

Theray E A is the positive z-axis, so

(3v3)? 27
22 4 (3¢/3)2 31’

sin’(/BEA) =

andm +n = 27 + 31 = 58.



1. Atokenstartsatthe point (0, 0) of an zy-coordinate grid and then makes a sequence
of sixmoves. Eachmove s 1 unitin a direction parallel to one of the coordinate axes.
Each move is selected randomly from the four possible directions and independently
of the other moves. The probability that the token ends at a point on the graph of
ly| = |z|is =, where m and n are relatively prime positive integers. Find m + n.

Solution:

Workinthe diagonal coordinatesu = x + yandv = x — y. Each of the four moves
changesu by +1 and v by £1, and the four moves realize all four sign combinations
equally often — so u and v performindependent six-step £=1 walks. The token ends on
ly| = |x| exactlywheny = +z, thatis,whenu = Qorv = 0.

Eachof u = 0 and v = Orequires three +1s and three —1s, with probability (g) /26 =

% = %. By independence and inclusion-exclusion, the probability is

5 5 (5 ? 160-25 135
16 16 16) 256 256

Thusm +n = 135 + 256 = 391.



12. Let A = {1,2,3,4},andlet f and g be randomly chosen (not necessarily distinct)
functions from A to A. The probability that the range of f and the range of g are
disjointis % , where m and n are relatively prime positive integers. Find m.

Solution:

Conditionontherange of f.If it has k elements, then the range of g is disjoint from it
exactly when g maps A into the remaining 4 — k elements, which happens for (4 —
k)4 of the 41 = 256 functions g.

Count functions f by range size: 4 constant functions; (‘21) (24 — 2) = 84 withrange
size 2; (g) - 36 = 144 withrange size 3 (there are 36 surjections from four elements
onto three); and 4! = 24 bijections. The number of favorable pairs is

4.3+ 84-2* 1144 .14 +24.0* = 324 + 1344 + 144 — 1812.

The probability is 1%2 = 615851326 = 13224, andsince 16384 is a power of 2 while 453 =

3 - 151isodd, thisisinlowest terms. Thusm = 453.




13. Onsquare ABCD, points E, F', G,and H lieonsides AB, BC,CD,and DA,
respectively, sothat EG | FH and EG = FH = 34.Segments EG and FH
intersect at a point P, and the areas of the quadrilaterals AEPH, BFPE, CGPF,
and DH PG areintheratio 269 : 275 : 405 : 411. Find the area of square ABCD.

A H D

L,

B a C
w:x:iy:z=2069:275:405:411

Solution:

Place B = (0,0),C = (s,0),D = (s,s),A = (0, s),withE = (0,e), F = (f,0),
G = (s,9),H = (h, s).Theregions AEP H and DH PG together form the

trapezoid AEG D, of area > ((s_e);(s_g)) ; since %6%)11 = %,this is half of s2, forcing
e + g = s,i.e. EG passesthrough the center. Likewise AEP H and BFPE form the
trapezoid ABF H of area s(f;h) = 2020 2 — 22 sof + h = 2.
Perpendicularity of the directions (s, g — e)and (h — f,s)givesh — f = e — g.
Writingd = g — e,weget £ = (0, %) ,G = (s, %) B = (25—3 + %,O) JH =
(% — g,s) ,and EG = 34 gives s? + 6% = 1156.

Intersecting lines EG and F' H (and simplifying with s2 4+ §2 = 1156)yields

p_ s s3 s s26
~\2 11560’ 2 11560 )’

2 3
and the shoelace formulaon A, E, P, H thengives [AEPH]| = § — 23512‘500. Setting
: 269 2 3> 5% _
this equal to s”leaves {355 = 531555,50 86 = 510.

1360



14.

Now s2 4 62 = 1156 and 5262 = 260100, so s and 2 are the roots of t> — 1156t +
260100 = 0, whichare 1126541 — 850 and 306. Since |§| = g — e| < s,theareais
s? = 850.

Letm be the largestreal solution to the equation

3 N 5 N 17 N 19
r—3 xx—-5 xx—-17 x-—19

— 22— 11z — 4.

There are positive integers a, b,and csuchthatm = a + /b + /c.Finda + b + c.

Solution:

Add 4 to both sides, giving one unit to each fraction: since ﬁ +1= % the
equationbecomes

1 1 1 1 )
w(x—3+a:—5+x—17+x—19> v~z =z —11)

Besidesz = 0, we can divide by x and substitutet = & — 11, which pairs the
fractions symmetrically:

2t 2t

_|_

—t.
t2—-64 t2—-36

Besidest = 0, dividingby t gives 72 + 722z = 1. Withu = t?, clearing
denominators gives 2(u — 36) + 2(u — 64) = (u — 36)(u — 64),i.e.u? — 104u +
2504 = 0, s0u = 52 % /200.

Thelargest solutionism = 11 4+ 4/52 + v/200 ~ 19.1, which exceeds the other

candidates 0,11,and 11 + 1/ 52 &+ 1/200. Thereforea + b+ ¢ = 11 + 52 4+ 200 =
263.



15. nANABC,AB = 3,BC =4,andCA = 5. CirclewintersectsﬁatEandB BC
at Band D,and AC at F and G. Giventhat EF = DF and 2& DG Iength DE =
“f, where a and c are relatively prime positive integers, and b isa posmve integer not
divisible by the square of any prime. Finda + b + c.

Solution:

Since 3% + 42 = 52, angle Bisright,and as ZEBD = 90° isinscribed in w, the chord
EDisadiameter.Hence /EFD = /EGD = 90°.From EF = DF, triangle EF' D
isanisoscelesrighttriangle,so EF = DF = D—\/g and ZFED = 45°;from DG :
EG =3:4and DG? + EG? = DE*weget DG = :DEand EG = éDE.Onw
theorderis E/, F', G, D (both F' and GG lie on the arc opposite B,and ZFED = 45°

exceeds /GED = arcsin %, so F'is fartherfrom D).

Line AC isthe line FG, so the distances from E and D to it follow from the angles of
cyclic quadrilateraIEFGD AtF : /EFG = 180° — LGDE andsin /GDE =
g% ,sothe distance from FEis EF' sin /EFG = \/5 % = 2—‘?DE.AtG :
AFGD = 180° — LZFED = 135°,sothedistance from Dis DG sin ZFGD =

3DE \/_ 3\/—DE

NowplaceB = (0,0),C = (4,0),A = (0,3),soE = (0,e),D = (d,0),line AC :
3z 4+ 4y = 12,and DE? = d? + €%. Settingk = fDE the two distance formulas
read 12g4e = 2\/—DE and 2= 3d 3\[DE whichgivee = 3 — kandd = 4 — k.
Then DE? = 2k2 becomes 2k2 (3 k)? + (4 — k)? = 2k*> — 14k + 25,50k =
ﬁandDE =2k = %.ThereforeaerJrc =25+ 2+ 14 = 41.
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