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1. The AIME Triathlon consists of a half-mile swim, a 30-mile bicycle ride, and an eight-mile run. Tom
swims, bicycles, and runs at constant rates. He runs five times as fast as he swims, and he bicycles
twice as fast as he runs. Tom completes the AIME Triathlon in four and a quarter hours. How many
minutes does he spend bicycling?

Solution:

Let Tom's swimming speed be s miles perhour. Thenhe runs at 5s and bicycles at 10s. The total
timeinhoursis
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SOS8 = 71935

= 1.2 miles perhour,

He bicycles at 12 miles per hour, so the ride takes % = 2.5 hours, whichis 150 minutes.



2. Findthe number of five-digit positive integers, n, that satisfy the following conditions:
e the numbernis divisible by 5,
e the first and last digits of n are equal, and

« the sum of the digits of nis divisible by 5.

Solution:

Since nis divisible by 5, its last digitis 0 or 5; since the first digit equals the last digit and cannot be
0, both are 5. The outer digits contribute 10 to the digit sum, so the three middle digits must also
sumto a multiple of 5.

Choose the second and third digits freely,in 10 - 10 = 100 ways. Whatever their sumis, the fourth
digit must landin a prescribed residue class modulo 5, and exactly 2 of the digits 0 through 9 lie in
eachclass. Thecountis 10 - 10 - 2 = 200.

3. Let ABCDbeasquare, andlet E and F be points on AB and BC, respectively. The line through
E parallel to BC and the line through F parallel to AB divide ABC D into two squares and two
nonsquare rectangles. The sum of the areas of the two squaresis 1% of the area of square ABC'D.

i AE | EB
FlndEB—|—AE.

Solution:

Let AE = xand EB = y, sothe square has side x + y and the two smaller squares have sides x
andy. The condition says

9
2 2 _ 2
z°+y ——10(:c+y) :

Multiplying by 10 and expanding, 102? 4 10y? = 922 + 182y + 9v?,soz? + y? = 18xy.
Dividing by zy gives

AE+EB_x+ B 13
EB  AE y Cxzy

y 22 1y
x



4. Inthe array of 13 squares shown below, 8 squares are colored red, and the remaining 5 squares are
coloredblue. If one of all possible such coloringsis chosen at random, the probability that the
chosen colored array appears the same when rotated 90° around the central square is %, wheren

is a positive integer. Find n.

Solution:

The rotation cycles the four L-shaped arms, so a symmetric coloring colors all four arms identically,
and the 12 outer squares contain 4 copies of whatever the arm shows. The number of red squares
among the outer twelve is therefore a multiple of 4. Since there are 8 red squares in all, the center
must be blue and each arm must contain exactly 2 red squares and 1 blue square.

The blue square within the arm can be chosenin 3 ways, so exactly 3 of the (153) = 1287 equally
likely colorings are symmetric. The probability is 1237 = 4—%9, son = 429.



5. Therealroot of the equation 823 — 322 — 3z — 1 = 0 can be writtenin the form

3 3
1
% , where

a,b,and care positive integers. Finda + b + c.

Solution:

Rewrite the equationas 9z° = z® + 3z® + 3z + 1 = (z + 1)3. Taking real cube roots, Vor =
xz+1,s0

1
V-1
Multiply numerator and denominator by v/81 + V9 + 1;the denominatorbecomes (\3/5)3 —1=
8,so

m_\3/81+\?/§+1
- . ,

Thusa +b+c=81+9+ 8 = 98.

Melinda has three empty boxes and 12 textbooks, three of which are mathematics textbooks. One
box will hold any three of her textbooks, one will hold any four of her textbooks, and one will hold
any five of her textbooks. If Melinda packs her textbooks into these boxes inrandom order, the
probability that all three mathematics textbooks end up in the same box can be written as %l,
where m and n are relatively prime positive integers. Find m + n.

Solution:

Focus onone box at a time. The box of k books receives a uniformly random k-subset of the 12

books, so the probability that it contains all three math books is (k23) / (1,3) .Fork = 3,4, 5this

19 _ 1 50486 _ 1

9IVeS 5357 205 — 557 792 — 22°

The events are disjoint, so the total probability is
L+i+l— 1+4+4+10 15 _i
220 55 22 220 220 44’

andm +n =3 + 44 = 47.




7. Arectangularboxhaswidth 12inches, length 16 inches, and height % inches, where mandn are
relatively prime positive integers. Three faces of the box meet at a corner of the box. The center
points of those three faces are the vertices of a triangle with an area of 30 square inches. Findm +
n.

Solution:

Let the height be h and place the corner at the origin, so the boxis [0, 12] x [0, 16] x [0, h]. The
three faces meeting at the origin have centers P = (6, 8,0),Q = (O, 8, g) ,and R = (6, 0, %) .

Then@ = (—6, 0, %) andﬁi = (O, -8, %) ,whose cross product s (4h, 3h, 48). The areaiis

1 1
5\/16h2 + Oh2 + 482 — 5\/25h2 + 2304 = 30,

so25h% = 3600 — 2304 = 1296 and h = %2,
Thereforem +n = 36 + 5 = 41.

8. The domain of the function f(z) = arcsin(log,, (nx)) is a closed interval of length Wllgv

andn are positive integers andm > 1. Find the remainder when the smallest possible summ + n
is divided by 1000.

wherem

Solution:

The functionis defined when —1 < log,,(nx) < 1,thatis % < nz < m,sothedomainis
[ 1 %} , with length

mn?

m I m? —1 1
n mn  mn  2013°
H _2013(m?—1) . . . . 2 - .
encen = ————.Sincemisrelatively prime tom” — 1, mmustdivide 2013 = 3 - 11 - 61.

Becausen =~ 2013m, the summ + n grows withm, so take the smallest factorm = 3 : then

n = 222 — 5368andm + n = 5371,

The remainder upon divisionby 1000is 371.



9. Apaperequilateral triangle ABC has side length 12. The paper triangle is folded so that vertex A
touches a point on side BC' a distance 9 from point B. The length of the line segment along which
my/P

the triangle is folded can be written as — =, where m, n, and p are positive integers, m and n are

relatively prime, and pis not divisible by the square of any prime. Findm + n + p.

A
B C B A C

Let A’ be the landing point, with BA’ = 9and C A’ = 3, and let the crease meet AB at P and AC
at Q. Folding preserves distances,so PA' = PA = zand QA' = QA = y.Intriangle PBA’,
with PB = 12 — x and ZB = 60°, the law of cosines gives

Solution:

? = (12 —z)* +81 - 9(12 — z),

which simplifies to 15z = 117,sox = 2. Similarly, in triangle QCA’,y* = (12 — y)* + 9 —
3(12 — y) gives 21y = 117,s0y = 2.

Finally, in triangle APQ with ZA = 60°,

11 1 49+25—35 393
PO? — g2 2 _auy=2392(_—_ 4+ = _ — ) —=392. =
@ =2"+y —zy o5 T 10 35 1225 1225’

s0 PQ = 32 Thusm +n + p = 39 + 35 + 39 = 113.



10. There are nonzero integers a, b, r, and s such that the complex number r + siis azero of the
polynomial P(z) = x3 — ax? + bz — 65. For each possible combination of a and b, let p,p be the

sum of the zeros of P(z). Find the sum of the p, ;'s for all possible combinations of a and b.

Solution:

Since P hasreal coefficients, r — stis also azero, and the third zero g is real. The product of the
zerosis g(r? + s?) = 65,50 qis anonzerointegerandr? + s?is a factor of 65. With 7, s nonzero,
the possibilitiesare 72 + s2 = 5 = 12 + 2% (withq = 13),13 = 22 + 32 (withq = 5),and 65 =
12 + 8% = 42 + 7% (withg = 1).

Foreachrepresentation {u, v}, thezeror + si canhaver = du or v, giving 4 distinct
polynomials (the sign of s changes nothing). The sum of the zerosis p, ;, = q + 2r,and overthe
four choices the 2r terms cancel, leaving 4¢q from each representation.

Thetotalis4-13+4-5+4-1+4-1= 80.



11. Ms. Math's kindergarten class has 16 registered students. The classroom has a very large number,
N, of play blocks which satisfies the conditions:

«If 16, 15, or 14 students are presentin the class, thenin each case all the blocks can be
distributedin equal numbers to each student, and

e There are threeintegers0 < ¢ < y < z < 14suchthatwhenz,y, or z students are present and
the blocks are distributed in equal numbers to each student, there are exactly three blocks left
over.

Find the sum of the distinct prime divisors of the least possible value of IV satisfying the above
conditions.

Solution:

Divisibility by 16,15, and 14 means N = 1680m where 1680 = lcm(14,15,16) =2%-3.5.7.
Every positive integer less than 14 divides 1680 except 9,11, and 13, and a divisor of N leaves

remainder 0, not 3. So necessarily {z, y, z} = {9, 11, 13}, and we need 1680m = 3 modulo each
of9,11,13.

Since 1680 = 6 (mod 9), the first congruenceis6m = 3 (mod 9),i.e.m = 2 (mod 3). Since
1680 = 8 (mod 11),weneed8m =3 (mod 11),i.e.m =10 (mod 11).Since 1680 = 3
(mod 13),weneedm =1 (mod 13).By the Chinese remainder theorem these combine to

m = 131 (mod 429), sothe leastmis131.

Then N = 1680 - 131 = 2*.3.5.7- 131, andsince 131is prime, the sum of the distinct prime
divisorsis2 +3 4+ 5+ 7+ 131 = 148.



12. Let APQ R be atriangle with /P = 75° and ZQ = 60°. Aregularhexagon ABC D EF with side
length 1is drawn inside A PQR so that side AB lies on PQ, side C'D lieson QR, and one of the
remaining vertices lies on RP. There are positive integers a, b, ¢, and d such that the area of

A PQR canbe expressedinthe form a+3\/E ,Where a and d are relatively prime, and cis not
divisible by the square of any prime. Finda + b + ¢ + d.

Solution:

Note /R = 45°. Because the hexagon's interior angles are 120°, segments BC cut off a corner
triangle at @ with two 60° base angles, so triangle BQC is equilateraland QB = QC = 1.PutQ
at the origin with Q R along the positive z-axis. Then C' = (1,0), D = (2,0), and the hexagon's

verticesare B = (%, @) JA=(1,v/3),F = (2,V3),E = (g, @) .

Since ZR = 45°,line RP has slope —1. If it passed through E,itwouldbez + y = 5+T‘/§ , Which
puts F (withz + y = 2 + 1/3) outside the triangle; so the vertex onRPis F,and RPistheline
T +y =2+ +/3.Itmeetsthez-axisat R = (2 + /3, 0) andtheliney = /3 z (line Q P) where
z(1++/3) = 2 + /3, giving P height

_V3(2+v3) 3+43
T T Tz

Theareais%-QR-y:%(2+\/§)-%§:%,soa+b+c+d:9+5+3+4:2l.




13. Triangle AB(C has side lengths ABy = 12, BoCy = 17,and Cy A = 25. Foreach positive
integern, points B,, and C,, are located on AB,,_1 and AC,,_1, respectively, creating three similar
triangles AAB, C, ~ AB,,_1C,Cp_1 ~ ANAB,,_1C,,_1.The area of the union of all triangles
B,,_1C, B, forn > 1canbeexpressed as %’, where p and q are relatively prime positive integers.
Findg.

Solution:

By Heron's formulawith s = 27, the area of AAByCis /27 - 15 - 10 - 2 = 90. In the similarity
AByC1Cy ~ AAByCy, side ByCj correspondsto ACy, sotheratioisr = %—g,and C.1Cy
(corresponding to ByCy) equals 17r. Hence

AC, _25-1Tr
AC, ~ 25 ’

whichis the similarity ratio of AAB;C; to AAByC).

Segments B1 (1 and By C1 split AAByCy into the three pieces, so
[BoC1B1] =90 (1 — 7% — (1 —r?)?) = 907r*(1 — r?).

Each successive stage repeats the constructioninside A AB,,C,,, scaling all areas by (1 — r2)2,
andthe triangles B,,_1C,, B,, have disjoint interiors.
The union's areais the geometric series

901"2(1 — r2) - 90(1 —r2) _ 336/625 ~90-336

1—(1—72)2 2 — 12 961/625 961

Since 961 = 312 shares no factor with 90 - 336 = 30240, the answeris ¢ = 961.



14. Form < 0 < 27, let

1 1 1 1 1 1 1
P = §c050— Zsm29— gcos39—|— 1—6s1n40—|— 3—2c0559— 6—4511169— mcos?é’—i—

and

Q=1- %sm&— }Lcos2«9—|— %smBH—i— %00549— 3—12s1n59— 6i4cos60+ %smﬁ—k

so that g = 2—‘7/5 Thensinf = —% where m andn are relatively prime positive integers. Find m +

n.

Solution:
The signs and the alternation between sines and cosines suggest powers of ¢ : indeed

P_1—|—— 22’&9 _'3 3i6 e e — — — =N
Q+1 2’L€ +4 —|—8Z6 + 1_% 2 — jet?

Since 2 — ie®® = (2 + sin @) — i cos 6, multiplying by the conjugate gives

2(2 +sinf) + 2icosd

@+iP = 54+ 4sin6

I

P _ cosb

SO0 = 2¢simb"

Setting 220 — 2‘[ and squaring, 49(1 — sin? #) = 8(2 + sin 6)? ,whichrearranges to
9 2+sinf 9 9

57sin® @ + 32sinf — 17 = (3sinf — 1)(19sind + 17) = 0.

Sincew < 0 < 2w forcessinf < 0,wegetsinf = — & (and thencos @ = 6‘? > 0, consistent with
the positive ratio). Thusm + n = 17 + 19 = 36.



15. Let N be the number of ordered triples (A, B, C') of integers satisfying the conditions
0<A<B<(C<99,
« there existintegers a, b,and ¢, and prime pwhere 0 < b < a < ¢ < p,
e pdivides A — a, B — b,andC — ¢, and
« eachorderedtriple (4, B, C) and each ordered triple (b, a, ¢) form arithmetic sequences.

Find N.

Solution:

Let d be the common difference of (b, a,c),soa —b=c—a=d > 0andc=b+ 2d < p,
whence 0 < 2d < p.Let D > 0be the common difference of (4, B, C). Reducingmod p, we get
D=B—-A=b—a=—-dandD=C—-B=c—b=2d,sop| 3d.Since0 < d < p,the
prime p cannot divide d, sop = 3;then2d < 3givesd = land (b,a,c) = (0,1, 2).

Sothevalid triples are exactly the increasing arithmetic progressions in [0, 99] withA=1,B=0,
C =2 (mod 3).Write A = 1 + 3j withj > 0; the difference satisfies D = —1 = 2 (mod 3),
soD = 2+ 3kwithk > 0.TheconstraintisC = A+ 2D =5+ 3j + 6k < 99,i.e.j + 2k <
31, and every such pair (j, k) works.

Foreachk = 0,1,...,15thereare 32 — 2k choices of 7, so

15
N=) (32-2k)=16-32-2-
k=0

15-16 _ 512 — 240 = 272.
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