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1. Find the number of ordered pairs of positive integer solutions (m, n) to the equation

20m + 12n = 2012.

Solution:

Dividing by 4 gives bm + 3n = 503. Reducing modulo 3, we need 2m = 503 = 2
(mod 3),som =1 (mod 3). Writem = 3k + 1withk > 0;then3n = 503 —
5(3k + 1) = 498 — 15k,son = 166 — 5k.

Thisis positive exactlywhen bk < 165, thatisk < 33.Sok =0,1,...,33allwork,
giving 34 ordered pairs.



2. Two geometric sequencesas, as, as, ...andby, bs, bs, . . . have the same common
ratio, witha; = 27,b; = 99,and a5 = by1. Find ag.

v

Solution:
Let 7 be the shared commonratio. Thena s = 27r'* and by; = 99710, s0 27 =

10 ~; 499 _ 11
99r~" givesr® = 55 = .
Therefore

117 121
ag = 27r% = 27 <§> =27 == =3-121 = 363.



3. Atacertainuniversity, the division of mathematical sciences consists of the
departments of mathematics, statistics, and computer science. There are two male
and two female professorsin each department. Acommittee of six professorsis to
containthree men and three women and must also contain two professors from each
of the three departments. Find the number of possible committees that canbe
formed subject to these requirements.

Solution:

Each department contributes exactly two committee members. If every department
sends one man and one woman, there are 2 - 2 = 4 choices per department, for4% =
64 committees.

Otherwise some department sends two men. To keep three of each gender, another
department must then send its two women, and the remaining department sends one
man and one woman. There are 3 ways to pick the all-male department, 2 ways to pick
the all-female department,and 2 - 2 = 4 choices in the mixed department (the two-
man and two-woman selections are forced), for3 - 2 - 4 = 24 committees.

The totalis 64 + 24 = 88.



4. Ana,Bob, and Cao bike at constant rates of 8.6 meters persecond, 6.2 meters per
second, and 5 meters per second, respectively. They all begin biking at the same time
from the northeast corner of arectangular field whose longer side runs due west. Ana
starts biking along the edge of the field, initially heading west, Bob starts biking along
the edge of the field, initially heading south, and Cao bikesin a straight line across the
field to a point D on the south edge of the field. Cao arrives at point D at the same
time that Ana and Bob arrive at D for the first time. The ratio of the field's length to the
field's width to the distance from point D to the southeast corner of the field can be
representedasp : q : 7,wherep, q,andr are positive integers with p and g relatively
prime.Findp +q + r.

Solution:

Let the field have length L (west) and width W (south) with L > W, and let x be the
distance from D to the southeast corner. Anarides around the perimeter a distance
2L + W — z,Bobrides W + x,and Caorides v/ W?2 + z2, allin the same time:

2L+W —xz W4z VW?+2?
8.6 6.2 5 '
The first equality gives L = Y5372 Squaring the second, 25(W + z)* =
38.44 (W? + z?), which simplifies to 168W?2 — 625W z + 168x? = 0, factoring as

(24W — Tz)(TW — 24z) = 0.

24W

Therootx = % gives L = % < W, whichisimpossible, sox = === and then

L =39 TheratioisL: W :2=30:7:24,andp+q+7=30+7+ 24 =61.



5.

Inthe accompanying figure, the outer square S has side length 40. A second square S’
of side length 15 is constructedinside S with the same centeras S and with sides
parallel to those of S. From each midpoint of a side of S, segments are drawn to the
two closest vertices of S’. The result is a four-pointed starlike figure inscribedin S. The
star figure is cut out and then folded to form a pyramid with base S’. Find the volume
of this pyramid.

Solution:

Folding the star along the sides of S’ lifts the four triangular points so that their tips
(the midpoints of the sides of S) meet at asingle apex V. Let M be the center of S’
and P the midpoint of one of its sides. In the flat figure, the distance from P to the tip
of its triangleis 20 — % = %,and this becomes the slant PV afterfolding.

Triangle PMV has arightangle at M, with PM = 12—5, so the heightis

5 5
VM =/ (2)”  (2) = V100 = 10.

The volume is% 152 .10 = 750.




6. Letz = a + bibethe complexnumberwith |z| = 5andb > 0 such that the distance
between (1 + 2i)2% and 2° is maximized, andlet 2* = ¢ + di.Find ¢ + d.

Solution:

The distanceis |(1 + 2i)23 — 2% = |23+ [1 4+ 2i — 22| = 125 |1 + 2i — 2%|. As 2
runs over the circle |z| = 5withb > 0, the square 2? attains every point of the circle
|w| = 25 (the conditionb > 0 merely selects one of the two square roots). The point
of that circle farthest from 1 4 2t is diametrically opposite in direction:

1422
2 .
= —25- ——— = —5v5 (1 + 2i).
’ 11+ 23| 3B (1+2)
Squaring, 2* = 125 (1 + 2i)? = 125 (—3 + 4i) = —375 + 500i,s0c + d =
—375 4 500 = 125.



7. LetSbetheincreasingsequence of positive integers whose binary representation
has exactly 8 ones. Let IV be the 1000th numberin S. Find the remainderwhen N is
divided by 1000.

Solution:

There are (182) = 495 members of S below 2'2 and (183) = 1287 below 2'3, s0 N has
13 binary digits, and exactly 1287 — 1000 = 287 members below 23 exceedit. The

(161) = 462 members whose binary representations begin 11 are the largest ones, so
N beginswith11 andisthe 462 — 287 = 175th smallest of them.

Among these, (2) = 84 begin 1100, the next (g) = 56 begin 11010, and the next

(3) = 35begin 110110. Since 84 + 56 + 35 = 175, the number N is the largest

member beginning 110110, namely 1101101111000 in binary.

ltsvalueis2'2 + 21 + 29 + 28 1 26 1 25 4 24 4 23 — 7032, so the remainderupon
divisionby 1000is 32.



8. The complexnumbers z and w satisfy the system

204 12i
- 54w+ == 44104
w VA

Find the smallest possible value of |zw|?.

Solution:
Multiplying the two equations gives

240
2w + 120 + 200 — —— = (5 +1)(~4 + 10i) = —30 + 464,

sozw — 280 = 30 + 14i. Settingv = zwyields v? + (30 — 144)v — 240 = 0.

zZw

By the quadratic formula,v = —15 + 7i 4= /(15 — 74)2 + 240 = —15 + 7i +
V416 — 210i. Writing (a + bi)? = 416 — 210irequiresa® — b?> = 416 andab =
—105, which givesa + bi = +(21 — 5¢). Hencev = 6 + 2iorv = —36 + 124, with
0|2 = 40 or 1440.

The smallervalueis attained: z = 1 — 2, w = 2 + 41 satisfies both equations with
zw = 6 + 2i. So the smallest possible value of | zw|? is 40.



9.

10.

Let x and y be real numbers such that 22 SIME _ 3 gng S8 — Thevalue of Sin2z
ny cos y sin 2y

0822 ~an he expressed in the form 2 L wherep andqare relat|vely prime positive

cos 2

integers. Findp + q.

Solution:

From the double-angle formula,

sin2x  2sinxcosx 1 3
: = = —3.- =2
sin2y  2sinycosy 2 2
Squaring the given equations, sin? z = 9 sin? yandcos®z = i cos? y. Adding, 1 =

9(1 — cos?y) + 1cos y,s0 32 cos?y = 8andcos2y— 32 Thencos 2y =
2cos’y —1=2 andcos2m—2005 x —1=1cos y—l——%,soggzgz =
19
~a9-
.3 _ 10 _ 87-38 _
Therequestedvalueis § — 55 = 52 = 58,andp+ q = 49 + 58 = 107.

Find the number of positive integers n less than 1000 for which there exists a positive
realnumberz suchthatn = z|z]|.

Note: | z] is the greatest integerless than or equal to .

Solution:

Fix |z] = a > 1.Fora < z < a + 1theproductn = az ranges over [a?, a® + a),
and every integerninthatintervalis achieved by x = % (whichindeed has floora). So
each a contributes exactly a values of n,namelya?,a® +1,...,a% + a — 1.

Fora = 31thelargestvalueis31% + 30 = 991 < 1000, so all values througha = 31

qualify, while a = 32 already starts at 1024. Thecountis1 +2 + .- - + 31 = 31% =
496.



M. Let fi(x) = % — ?jﬁ,and forn > 2,define f,,(z) = fi(fn_1(x)). Thevalue of x

that satisfies figo1 () = ¢ — 3 canbe expressedin the form % ,wherem andn are
relatively prime positive integers. Findm + n.

v
Solution:
Combining fractions, fi(x) = 20804+1)9 6“’_7.Composing once, fo(x) =
3(3z+1) 9z+3
6f1(z)-7 _ —3z-7

57(z) 73 = 8.6 »andcomposing againgives f3(z) = .

Sothe iterationis periodic with period 3. Since 1001 = 2 (mod 3),we have fig01 =
f2,and the equation becomes
-3 —7
9z — 6
thatis 9z* — 33z 4 18 = —3z — 7,0r92” — 30z + 25 = (3z — 5)° = 0.

=x— 3,

wlot

The unique solutionisz = 2,som +n =5+ 3 = 8.



12. Forapositive integer p, define the positive integer n to be p-safe if n differsin
absolute value by more than 2 from all multiples of p. For example, the set of 10-safe
numbersis {3,4,5,6,7,13,14,15,16,17,23,...}. Find the number of positive
integers less than or equal to 10,000 which are simultaneously 7-safe, 11-safe,and 13
-safe.

Solution:

Being p-safe depends onlyonn mod p :itrequires 3 < n mod p < p — 3. That
allows 2 residues modulo 7, 6 residues modulo 11, and 8 residues modulo 13. Since
7-11-13 = 1001, the Chinese remainder theorem gives exactly2 - 6 - 8 = 96 safe
residues modulo 1001, so each block of 1001 consecutive integers contains 96 safe
numbers.

Theintegers 1 through 10010 form ten such blocks, containing 960 safe numbers. It
remains to discard the safe numbers among 10001, . .., 10010. Theirresidues
modulo 7runb,6,0,1,2,3,4,5,6,0,soonly 10006 and 10007 are 7-safe; both are
also 11-safe (residues 7 and 8) and 13-safe (residues 9 and 10).

Therefore the countis 960 — 2 = 958.



13. Equilateral A ABC has side length 4/111. There are four distinct triangles AD¢ E1,
ADFEy, ADyE3,and ADs E,, eachcongruentto AABC,with BD, = BDy =

VI1.Find Y, (CEy)2.

Solution:

Write s = 4/111andr = 4/11. Since eachtriangle AD; E}, is congruent to AABC,
we have AD; = AFE;, = s,so D and D5 are the two intersections of the circle of
radius s about A with the circle of radius r about B; they are mirrorimages across line
AB,so /BAD, = ZBADy = @ with D; and D, on opposite sides of AB. Each Ej,
is the image of its D; rotated +=60° about A. Measuring signed angles fromray AB,
with C at +60°, therays AD; sit at -0 and the rays AFE}, at =0 4+ 60°, so the four
angles ZCAE}, are0,6,120° — 0,and 120° + 6.

Since AC' = AE}, = s,thelaw of cosines gives (CE},)? = 2s*(1 — cos ZC AEy,).
Using cos(120° — @) + cos(120° + 0) = 2 cos 120° cos § = — cos 0, the four angles'
cosinessumto2cosf — cosf = cos b, so

Z(C’Ek)2 = 25%(4 — cos 6).

k=1

Applying the law of cosines intriangle ABD; (with AB = AD; = s)givesr? =
25%(1 — cos 0),s02s? cos § = 2s? — r%. Therefore the sum equals 8s% — (252 —
r?) =652 +r2=6-111+ 11 = 677.



14. Ina group of nine people each person shakes hands with exactly two of the other
people fromthe group. Let N be the number of ways this handshaking can occur.
Consider two handshaking arrangements different if and only if at least two people
who shake hands under one arrangement do not shake hands under the other
arrangement. Find the remainder when IV is divided by 1000.

Solution:

An arrangement in which everyone shakes exactly two hands is a disjoint union of
cycles of length at least 3 covering all nine people. The possible cycle-length

partitionsof9are3 + 3 + 3,3 4+ 6,4 4+ 5,and 9. On k given people, the number of
(k—1)!

distinctcyclesis ~——+.

For3 + 3 + 3 :splitinto three unordered triplesin % (g) (g) = 280 ways, one cycle

each:280.For3+6:(3) -1-2 =84-60 =5040.Ford +5:(}) - 2 - 2 =126

3 - 12 = 4536. Forasingle 9-cycle: 87! = 20160.

Intotal N = 280 + 5040 + 4536 + 20160 = 30016, so the remainder modulo 1000
is 16.



15. Triangle ABC'isinscribedincirclewwith AB = 5, BC' = 7,and AC = 3.The
bisector of angle A meets side BC at D and circle w at a second point E. Let v be the
circle with diameter DE. Circles w and y meet at E and a second point F'. Then
AF? = % , where m andn arerelatively prime positive integers. Findm + n.

Solution:

Let E’' be the point of w diametrically opposite E. Since DEisadiameter of v, the
angle /DFE = 90°,and since EE"is adiameterofw, also Z/E'FE = 90°. Both F D
and F'E' are perpendicularto FIE, so D liesonline E'F' :the point F'is the second
intersection of line ' D with w.

SetB = (0,0)andC = (7,0);then A = (%, %{5) .The bisector gives 22 =
ﬁ—g = g,soD = (%,O) . Since E is the midpoint of arc BC' not containing A4, both

E and E' lie onthe vertical line z = %throughthe centerO = <%, —%ﬁ) , Which

satisfies |OB| = |OA| with R* = %.ThusE = (%, _%g) and B/ = <%, %5) ,
The direction from E’ to D is proportional to (3, —4\/5), and the point B/ +
t(3,—4+/3)liesonwwhen57t?> — 56t = 0,s0t = % gives F = (2;45 _ 105x/§) _

387 38
Then

apr — (240) 5 (510 837900 900
- \133 133) 17689 19’

som+n =900+ 19 = 919.






