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1. Findthe number of positive integers with three not necessarily distinct digits, abc, with
a # 0andc # 0suchthatboth abcand cba are multiples of 4.

Solution:

Anintegeris a multiple of 4 exactly whenits last two digits form a multiple of 4, so we
need4 | 10b + cand4 | 10b + a. Inparticulara and c are even, and subtracting the
two conditions shows 4 | a — ¢. The even nonzero digits split by remainder mod 4 into
{2,6}and {4, 8}, so aand cmust both come from the same one of these sets: 4
ordered pairs (a, ¢) from each.

Ifc =2 (mod 4),then10b + ¢ = 2b + 2 (mod 4) requires bodd (5 choices), and
the condition on 10b 4 a holds automatically sincea = ¢ (mod 4).1fc =0
(mod 4), thenbmust be even (5 choices).

Thecountis4 -5+ 4 -5 = 40.



2. Theterms of an arithmetic sequence addto 715. The first term of the sequence s
increased by 1, the second termisincreased by 3, the third termisincreased by 5, and
ingeneral, the kthtermisincreased by the kth odd positive integer. The terms of the
new sequence add to 836. Find the sum of the first, last, and middle terms of the
original sequence.

Solution:

If the sequence has n terms, the amounts added are the first n odd numbers, whose
sumisn?. Thusn? = 836 — 715 = 121,son = 11.

The average of the 11 termsis % = 65, which equals the middle (sixth) term of the

arithmetic sequence. The first and last terms also average to 65, so they add to 130.

Therequested sumis 65 + 130 = 195.



3. Nine people sitdown fordinnerwhere there are three choices of meals. Three people
orderthe beef meal, three orderthe chicken meal, and three order the fishmeal. The
waiter serves the nine meals inrandom order. Find the number of ways in which the
waiter could serve the meal types to the nine people so that exactly one person
receives the type of meal ordered by that person.

Solution:

Choose the one person served correctly (9 ways); by symmetry say they ordered beef.
The remaining meals — 2 beef, 3 chicken, and 3 fish — must go to the other 8 people (2
beef, 3 chicken, and 3 fish orderers) with nobody matched. Track where the 2 leftover
beef meals go: to chicken or fish orderers.

If both go to the same group, say to two of the three chickenorderers (3 + 3 = 6
ways counting both groups), then the third chicken orderer must receive fish, the three
fish orderers must take the three chicken meals, and the two beef orderers take the
remaining fish: everythingis forced. If one goes to a chicken orderer and one to a fish
orderer (3 - 3 = 9ways), the other two chicken orderers must take fish and the other
two fish orderers must take chicken, leaving one chicken and one fish meal to split
between the two beef orderers (2 ways).

Thetotalis9 (6 + 9 - 2) = 216.



4. Butchand Sundance needto get out of Dodge. To travel as quickly as possible, each
alternates walking and riding their only horse, Sparky, as follows. Butch begins by
walking while Sundance rides. When Sundance reaches the first of the hitching posts
that are conveniently located at one-mile intervals along theirroute, he ties Sparky to
the post and begins walking. When Butch reaches Sparky, he rides until he passes
Sundance, thenleaves Sparky at the next hitching post and resumes walking, and they
continue in this manner. Sparky, Butch, and Sundance walk at 6,4, and 2.5 miles per
hour, respectively. The first time Butch and Sundance meet at a milepost, they aren
miles from Dodge, and they have been traveling fort minutes. Findn 4 ¢.

Solution:

Walking a mile takes Sparky 10 minutes, Butch 15, and Sundance 24. The horse
advances along the same route as the men and is ridden over each mile by exactly one
of them, so if Butch walks x of the n miles and rides the othern — x, then Sundance
rides those & miles and walks the remainingn — x.

When they meet at a milepost they have been traveling for the same amount of time,
SO

15z + 10(n — z) = 10z + 24(n — z),

which simplifiesto 192 = 14n. Since the handoffs happen at mileposts,  andn are
integers, and the smallest positive solutionisx = 14,n = 19.

Thent = 15-14 + 10 -5 = 260 minutes,son +t = 19 + 260 = 279.



5. Let B bethesetof allbinaryintegers that can be written using exactly 5 zeros and 8
ones where leading zeros are allowed. If all possible subtractions are performedin
which one element of B is subtracted from another, find the number of times the
answer 1 is obtained.

Solution:

We must count pairs of elements of B differingby 1, saymandm + 1. Adding1toa
binary number turnsits trailing block 011 - - - 1 (a zero followed by k ones) into

100 - - - 0, changing the number of ones by 1 — k. Both numbers have exactly eight
ones preciselywhenk = 1 :mendsin01,m + 1 endsin 10, and the two numbers
agree everywhere else.

The shared first eleven digits then consist of the remaining seven ones and four zeros,
: : : . (11

and since leading zeros are allowed, every arrangement gives a valid pair: ( 4 ) = 330.

Each pair produces the answer 1 exactly once, so the count is 330.

6. The complexnumbers z and w satisfy 21 = w, w!! = 2z, and the imaginary part of z is

sin ( - )forrelatwely prime positive integersmandnwithm < n.Findn.

v
Solution:
Substituting, z = w! = (213)1 3,and z # 0,s0 242 = 1. Conversely, any 142
ndroot of unity z works withw = 213,S|ncethen wll = 21 = 2.

Hencez = COS ?er + 2 sin ?’g forsomeinteger k, and thei |mag|nary partof zis
Er  Since 71is prime, forevery kwith1 < k < 70 the fraction & = isalreadyin

Iowest terms, matching the required form sin ( ) withm < n.Thusn = 71.



At each of the sixteen circles in the network below stands a student. A total of 3360
coins are distributed among the sixteen students. All at once, all students give away all
their coins by passing an equal number of coins to each of their neighborsin the
network. After the trade, all students have the same number of coins as they started
with. Find the number of coins the student standing at the center circle had originally.

Solution:

Group the sixteen circles intorings: the center, the innerring of five, the middle ring of
five, and the outerring of five, holding p, q, 7, and s coins in total, respectively. The
centerhas 5 neighbors (the innerring); eachinner student has 3 (the center and two
middle students); each middle student has 4 (two inner and two outer); each outer
student has 4 (two middle and two outer). A student with k neighbors sends % of their
coins to each neighbor.

Summing the trades over eachring (for example, the outerring receives a quarter of
each middle student's coins twice over, which totals %) gives
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The first equation gives ¢ = 3p, the second then givesr = 2(q — p) = 4p, and the
lastgives s = r = 4p.The totalisp 4+ 3p + 4p + 4p = 12p = 3360, so the center
studenthad p = 280 coins.



8. Cube ABCDEFGH ,labeled as shown below, has edge length 1 andis cutbya
plane passing through vertex D and the midpoints M and N of AB and CG,
respectively. The plane divides the cube into two solids. The volume of the larger of
the two solids can be writtenin the form g, where p and q are relatively prime positive

integers. Findp + q.
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Extend the cutting plane. Inthe bottom face, line D M meetsline C'B extended
beyond B atapoint K;since MB || DC and MB = 1 DC, segment MBis amidline
of triangle KDC, so Bisthe midpoint of C K and CK = 2.The plane also cuts edge
BF atapoint P,andthe piece of the cube cut off past the plane is the pyramid
KDCN with the small pyramid K M BP sliced away.

Pyramid KDCN hasbase DCN, aright triangle withlegs DC' = 1andCN = %,

andits apex K is at distance CK = 2 fromthe plane of that base, soits volume is% .



% 2 = Pyramld K MBP issimilarto KDCN withratio K]g, = %,so itsvolumeis
1.1 _ %

8 6 48"

The smaller piece therefore hasvolume% — % 478,and the larger piece has volume

1— & = 3,9ivingp + g =41 + 48 = 89.

Letz,y, and z be positive real numbers that satisfy

2log, (2y) = 2logy,(42) = logy,(8yz) # 0.

The value of a:y z canbe expressedinthe form where p and g are relatively prime

2p/q7
positive integers. Findp + q.

Solution:

Writez = 2%,y = 2baz = 2°.Then logx(2y) - %710g2$(4z) = &2 ‘and

a+1’
logy, (8yz) = 4552, so the conditioniis

2b+1) 2(c+2) b+c+3

— — 0.
a a+1 4a +1 7
Fromthe first two, &L = % , and equal ratios also equal their mediant b;‘fl?’
Comparing with the third expression gives 2“;2??” = b;fjl?’ The commonvalue is

nonzero,sob + ¢ + 3 # 0,and thus 2(4a + 1) = 2a + 1,givinga = —. Then

_b%/lﬁ = %73 yieldsc + 2 = —5(b + 1), thatis, 5b + ¢ = —T.

Therefore zy’z = 20150+ — 9-1/6-7 — 24%/6,5013 +q =43+ 6 = 49.



10. Let S be the set of all perfect squares whose rightmost three digitsin base 10 are 256.

Let T be the set of allnumbers of the form xi)%%G ,wherezisinS.Inotherwords, 7T is

the set of numbers that result when the last three digits of each numberin S are

truncated. Find the remainder when the tenth smallest element of 7T is divided by
1000.

Solution:

Asquare n? endsin 256 exactly when 1000 | n? — 256 = (n — 16)(n + 16). Modulo
8:n2 =0 (mod 8)forces4 | n.Modulo 125 : the factors n & 16 differby 32,s0 5
divides at most one of them, and hence 125 must divide a single factor:n = +16

(mod 125).Because 16 is amultiple of 4, the two conditions combineton = £16
(mod 500).

So S consists of the numbers (500m + 16)2, whose square roots inincreasing order
are 16,484,516,984,1016, . . . . The tenth smallest element of Sis (500 - 5 —
16)2 = 24842

2
The corresponding element of T is 248{100_0256 = 2461%3300 = 6170, whose remainder

upon division by 1000is 170.




1. Afrogbeginsat Py = (0,0) and makes a sequence of jumps according to the
followingrule: from P,, = (&, Y»), the frogjumpsto P, 1, which may be any of the
points (z, + 7, yn + 2), (¢p + 2,yn + 7), (x5, — 5,y, — 10),0r (z, — 10,y, — 5).
There are M points (z, y) with |z| + |y| < 100 that can be reached by a sequence of
suchjumps. Find the remainder when M is divided by 1000.

Solution:

Eachjump changesz + y by +9or —15 and changes  — y by £5. Starting from
(0,0), every reachable point thereforehasx + y = 3j andx — y = bk forintegers j
and k; moreoverx = i;L‘r’k must be aninteger, so j and k have the same parity. Since
lz| + |y| = max(|z + y|, |x — y|), the condition|z| + |y| < 100becomes |j| < 33
and |k| < 20.

Conversely, every such pointisreachable: a single jump moves between neighboring
linesx — y = 5k (changing j by 3 or —5, which flips its parity), and two-jump
combinations translate by (9, 9) or (—15, —15), which combine — two of the former
plus one of the latter — into the shift (3, 3), moving j by 2 along a fixed line. Together
these reach every pair (j, k) of equal parity.

Counting: even j (33 values) pairs with even k (21 values), and odd j (34 values) with
odd k (20 values),so M = 33 - 21 + 34 - 20 = 1373. The remainderis 373.



12. Let AABC be aright triangle with right angle at C.. Let D and E be points on AB with
D between Aand E'suchthat CD and CE trisect ZC'. If T& DE = 15,
be written as f ,Wwhere m and n are relatively prime posmve integers,andpisa
positive mteger not divisible by the square of any prime. Find m + n + p.

8 thentan B can

Solution:
The trisectorsmake ZACD = /DCE = ZECB = 30°.Intriangle DCB,ray CE

CD _ DE __ 38

bisects the 60° angle DCB, so the angle bisector theorem gives B =F8 = 15

Scale the trianglesothat CD = 8and CB = 15.
By the Law of Cosinesintriangle DCB,
BD? = 8% +15* — 2-8-15c0s60° = 169,

so BD = 13. Applying the Law of Cosines again in the same triangle, 8% = 132 +
15* —2-13- 15 cos B, whichgivescos B = 1

ThensinB:w/l—% 4]t:{,sotanB 4‘fandm—|—n—|—p 4+1143 =
18.



13. Three concentric circles have radii 3,4, and 5. An equilateral triangle with one vertex on
each circle has side length s. The largest possible area of the triangle can be written as
a+ IE’ d,wherea, b, c,and d are positive integers, b and c are relatively prime, and d is
not divisible by the square of any prime. Finda + b + ¢ + d.

Solution:

Let O be the common center and label the triangle ABC' withOA = 3,0B = 4,
OC = 5. Rotate the plane by 60° about A so that B mapsto C, andlet P be the
image of O. Then triangle AOP is equilateral,so OP = OA = 3,and PC,theimage
of OB, haslength 4.

Triangle OPC' has sides 3,4,5,s0 ZOPC' = 90°. Inthe configuration giving the

largest triangle, O liesinside ABC and ZAPC = /APO + ZOPC = 60° + 90° =
150°, so by the Law of Cosines

2 =AC?>=3%21+4%>—-2.3-4cos150° = 25 + 12+/3.

(If O lies outside the triangle, the triangle fits in a half-disk of radius 5, so its altitude is
atmosthand s? < 1_(?30 , whichis smaller.)

Theareais§s2:§(25+12\/§) =9+ 2+3,s0a+b+c+d=9+25+
4+ 3 =141.



14. Complex numbers a, b, and c are the zeros of a polynomial P(z) = 28 +qz+r,and
la|? + |b]? + |c|? = 250. The points corresponding to a, b, and cin the complex plane
are the vertices of a right triangle with hypotenuse h. Find h2.

Solution:

Since P(z)hasno z2term,a + b + ¢ = 0. Say theright angle is at b; then the
hypotenusejoinsaande,soh = |a — c|,andb = —(a + ¢). The midpointd = %< of
the hypotenuse is the circumcenter of the right triangle, so |b — d| = h .Sinceb —
d=—3(a+c),thisgives|a —c| = 3|a +c|.

By the parallelogramlaw, |a|? + |¢|> = m ,and |b]? = |a + c|?,s0

9la+c]®+la+ ¢
2

Therefore h? = |a — ¢|* = 9|a + ¢|* = 2220 = 375.

250 = +la+c|* =6|a+c]




15. There are n mathematicians seated around a circular table with n seats numbered 1, 2,
3,...,ninclockwise order. After a break they again sit around the table. The
mathematicians note that there is a positive integer a such that

() for each k, the mathematician who was seated in seat k before the break is seated
in seat ka after the break (where seat? + nis seat?);

(2) for every pair of mathematicians, the number of mathematicians sitting between
them after the break, counting in both the clockwise and the counterclockwise
directions, is different from either of the number of mathematicians sitting between
them before the break.

Find the number of possible values of nwith1 < n < 1000.

Solution:

Condition (1) requires the seats a, 2a, . . . , na to be pairwise distinct modulo n, which
happens if and only if gcd(a, n) = 1. For condition (2), the two mathematicians from
seats i and j have gap counts before the break determined by +(¢ — j) mod nand
after the break by +a(i — j) mod n, so the requirementisa(i — j) # +(i — 7)
(mod n)foralli # j.Equivalently, (a — 1)(¢ — j) Z0and(a+ 1)(i — j) Z0
(mod n) forevery nonzeroresidue ¢ — j, which holds exactlywhena — 1anda + 1
are alsorelatively prime ton.

Sonis possible if and only if some a satisfies ged ((a — 1) a (@ + 1), n) = 1. Any
three consecutive integers include a multiple of 2 and a multiple of 3, so no a works
whengcd(n,6) > 1. Conversely, if gcd(n,6) = 1,thena = 3works, since2 - 3 -
4 = 24 has only the prime factors 2 and 3.

Thevalidnwith1 < n < 1000 are those congruentto £1 (mod 6),namely 6k + 1
forl < k < 166,andthereare?2 - 166 = 332 of them.
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