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1. Garypurchasedalarge beverage, but drank only % of this beverage, wherem andn
arerelatively prime positive integers. If Gary had purchased only half as much and
drunk twice as much, he would have wasted only % asmuch beverage. Findm + n.

Solution:

Say Gary purchased an amount x and drank an amount y, wastingx — y. Inthe
second scenario he would have purchased 5 and drunk 2y, wasting 5 — 2y. The
conditionis

T 2

Z _oy=2(z—q).
5 2y 9(:6 Y)

Multiplying by 18 gives 9z — 36y = 4z — 4y,so bz = 32yand £ = 3% Since
ged(5,32) = 1,the answeris 5 + 32 = 37.



2. Onsquare ABC D, point E'lieson side AD and point F'lies on sideB_C', so that
BE = EF = FD = 30.Findthe area of square ABCD.

Solution:

Let the side length be s, and place B = (0,0),C = (s,0),A = (0,s),D = (s, s).
Write E = (a,s)and F = (b,0).Then BE? = a® + s*, FD? = (s — b)? + s%,and
EF? = (a —b)% + s

From BE = FDwegeta = s — b,soa — b = 2a — s.Then EF' = BE gives (2a —
s)? = a®,whose solutionsare a = £ and a = s (the latter collapses E and F' onto the
corners D and B, making the three segments coincide). Soa = 3.

Now 900 = BE? = %2 P 1%52,sothe areais s2 = 1% - 900 = 810.

3. Thedegree measures of the angles of a convex 18-sided polygon form anincreasing
arithmetic sequence with integervalues. Find the degree measure of the smallest
angle.

Solution:

Theinterior angles of an 18-gonsumto 180 - 16 = 2880 degrees. If the smallest angle
is a and the common differenceis d, then 18a + 153d = 2880, i.e. 2a + 17d = 320.
Since a andd areintegers, 17d mustbe even, sodis even,andd > 2 because the
sequenceisincreasing.

Convexity requires the largestanglea + 17d = w tobelessthan 180, so

17d < 40andd < 2.Thusd = 2anda = 32031 = 143.



4. Intriangle ABC,AB = %AC. The angle bisector of angle A intersects BC at point
D, and point M is the midpoint of AD. Let P be the point of the intersection of AC
andline BM . Theratio of CP to P A canbe expressedin the form oywheremandn
arerelatively prime positive integers. Find m + n.

v
Solution:
By the angle bisectortheorem, % = ﬁ—g = %. Use mass points: placemass 11 at B

and mass 20 at C, so that D, which divides BC with BD : DC = 20 : 11, is their
balance point and carries mass 31. Placing mass 31 at A makes the balance point of A
and D exactly the midpoint M of AD.

The center of mass of the whole system therefore lies online BM , and it also lies on
the segment from B to the balance point of A and C'. That balance pointis precisely
where line BM crosses AC, namely P, and it satisfes 31 - PA = 20 - CP.

cp __ 31

B4 = 550 Whichisinlowestterms,andm + n = 31 + 20 = 51.

Hence

5. The sumof the first 2011 terms of a geometric series is 200. The sum of the first 4022
terms of the same series is 380. Find the sum of the first 6033 terms of the series.

Solution:

Group the series into blocks of 2011 consecutive terms. Each term of the second
blockis 72 times the corresponding term of the first block, so the block sums form a

geometric sequence with ratio 721!, The first block sums to 200 and the second block
sums to 380 — 200 = 180,so 7?01 = 388 = &

The third block then sums to 180 - 1—90 = 162, so the sum of the first 6033 termsiis
380 + 162 = 542.



6. Define anordered quadruple of integers (a, b, ¢, d) to be interestingif1 < a < b <
c<d<10anda + d > b+ c.Howmanyinteresting ordered quadruples are there?

Solution:

The conditiona + d > b + cisequivalenttod — ¢ > b — a.There are (140) = 210
quadruplesinall, and the involution (a, b, ¢,d) — (11 — d, 11 — ¢, 11 — b, 11 — a)
exchanges the outergaps b — aandd — c. So the quadrupleswithd — ¢ > b — aand

2102_T ,where T counts

those withd — ¢ < b — a are equinumerous, and the answer s
quadruples withd — ¢ = b — a.

Ifb —a =d— c=kandc — b = j,the quadrupleis determined by (a, j, k) with
a,j, k> landa+ 2k + j < 10.Fork = 1,2, 3, 4the pairs (a, j) witha + j <
8,6,4,2number28,15,6,1,so01" = 50.

Therefore the number of interesting quadruplesis 2102—_50 = 80.



7. Edhasfiveidentical green marbles, and alarge supply of identicalred marbles. He
arranges the green marbles and some of the red onesinarow and finds that the
number of marbles whose right hand neighboris the same color as themselves equals
the number of marbles whose right hand neighbor s the other color. An example of
suchanarrangementis GGRRRGGRG. Let m be the maximum number of red marbles
forwhich such an arrangementis possible, andlet [N be the number of ways in which
Ed can arrange the m + 5 marbles to satisfy the requirement. Find the remainder
when NV is divided by 1000.

Solution:

Break the row into maximal single-colorruns. If there are k runs, there are exactly k — 1
different-color neighbor pairs. Since runs alternate colors and the five green marbles
form at most 5 runs, there are at most 6 red runs, hence at most 11 runs and at most 10
different-color pairs. Withn red marbles there are n + 4 neighbor pairsin all, and the
requirement says half of them are different-color pairs,son + 4 < 20,i.e.n < 16.
Thusm = 16.

With 16 reds and 21 marbles, the count of different-color pairs must be exactly 10, so
there are exactly 11 runs: the colors must alternate as red-green-red-- - -—-red with 6
red runs and 5 single green marbles between them. The arrangements correspond to
compositions of 16 into 6 positive parts, of which there are (155) = 3003.

Hence N = 3003, and the remainder upon division by 1000 is 3.



8. Letzy,z29,23,...,212bethe 12zeroes of the polynomial z'2 — 236, Foreach j, let w;j
. : , 12
be one of z; oruz;. Then the maximum possible value of the real part of ijl w; can
be writtenasm + 4/n, where m and n are positive integers. Find m + n.

Solution:

The zeroes are z; = 8 (cos %j + isin %) forj =1,...,12,andRe(iz;) =

— Im(z;). Since the choices are independent, the maximum real part of the sumis
>_;8max (cos F, —sin ).

Comparing the two values, — sin %j islargerexactly forj = 5, ...,10.The cosines
kept,forj =1,2,3,4,11, 12,sumto§ + % + 0 — % + § +1=1++/3,andthe
values—sin%i kept, forj = 5,...,10,sumto—% + 0+ % + ? + 1+ ? =1+
V3.

The maximumis 8 (2 + 2v/3) = 16 + 16+/3 = 16 + +/768,som +n = 16 +

768 = 784.



9. Letxy,xo,...,x5benonnegativerealnumberssuchthatzy + x9 + 3 + x4 + 5 +
g = l,andx1x375 + Toxg4T6 > ﬁ. Let pand g be positive relatively prime integers
suchthat 1—; is the maximum possible value of

T1ToT3 + T2X3T4 + T3T4T5 + T4T5X6 + T5TeX1 + TL1T2-

Findp + q.

Solution:

Letr = x1z375 + 22426 and let s be the cyclic sumin question. Expanding (z +
z4)(ze + x5)(x3 + x6) produces eight triple products, which are exactly the six
terms of s togetherwiththe twotermsof r.Sor + s = (z1 + x4)(x2 + x5) (23 +

26), and by AM-GM thisis atmost (1)* = L.

Therefore

1 1 20—-1 19
§s< ——r< — — = =

27 27 540 540 540"
Equality needs 1 + ¢4 = 3 + 5 = 23 + g = 3 Withr = = :take ) = 3 =
3 — 1 — 19 e — L __9 19 100 _ 1
100 %5 = 50r %2 = 5o T4 = T6 = 35- TNeNT = &5o6 + 51006 = 52000 — 5407 @S
required.

So the maximumis %, andp + q = 19 + 540 = 559.



10. Acircle with center O has radius 25. Chord AB of length 30 and chord CD of length
14 intersect at point P. The distance between the midpoints of the two chordsis 12.
The quantity O P? can be represented as % , where m and n arerelatively prime
positive integers. Find the remainder whenm + nis divided by 1000.

Solution:

Let M and N be the midpoints of AB and C D. The segment from the centerto a
chord's midpointis perpendicular to the chord,so OM = +/252 — 152 = 20 and
ON = /252 — 72 = 24, with MN = 12.

Since P liesonboth chords, Z/OMP = ZONP = 90°,so M and N lie onthe circle
with diameter OP. Intriangle OMN , the law of cosines gives

202 +242 — 122 832 13
coseMON == 024 960 15’

sosin ZMON = %.Inthe circlethrough O, M, P, N, the extended law of sines
says the chord MN equals the diameter OP times sin /ZMON , so

4
OP — 12 90, OP2:8100: 050.
% V14 14 7

Thenm + n = 4050 + 7 = 4057, which leaves remainder 57 upon division by 1000.



11.

Let M, be then x nmatrixwithentries asfollows:forl < ¢ < n,m;; = 10;forl <
1<n—1,m1; =m;;1 = 3; aIIotherentriesin M,, are zero. Let D,, be the

P
determinant of matrix M,,. Then > > | 8D — canberepresentedas £, where pand g

are relatively prime positive integers. Find p + q.

Note: The determinant of the 1 x 1 matrix [a] is a, and the determinant of the 2 x 2

d
orfirstcolumnajasas...a,isequaltoa;C; — ayCy + asCs — - -+ +
(—1)""a,C,, where C; is the determinant of the (n — 1) x (n — 1) matrixformed
by eliminating the row and column containing a;.

a
matrix [ ] = ad — bc;forn > 2,the determinant of ann X n matrix with first row
c

Solution:

Expanding D,, along the first row gives 10D,,_1 minus 3 times a cofactor whose first
columnis (3,0, ..., 0); expanding that cofactor downits first column leaves 3D, _».
Hence

D, =10D,_; — 9Dn—27

with D; = 10and Dy = 100 — 9 = 91.

The characteristic equation k? = 10k — 9 hasroots 9 and 1, and fitting the initial
values gives D,, = £ "1 Therefore 8D,, +1 = 9" and

8
- B 1 1/81 1
Z +1 Zgrﬁl_l_l_ﬁ'

n:1 n 9

Thus—: —andp—l—q—73



12. Nine delegates, three each from three different countries, randomly select chairs at a
round table that seats nine people. Let the probability that each delegate sits next to
atleast one delegate from another country be % , where m and n arerelatively prime
positive integers. Findm + n.

Solution:

Only the pattern of countries in the nine chairs matters, and all %:3, = 1680 patterns
are equally likely. The condition fails for some delegate exactly when both of his
neighbors are compatriots, which happens exactly when some country's three
delegates occupy three consecutive chairs. Let A; be the set of patterns in which

countryt's delegates are consecutive.

There are 9 triples of consecutive chairs, so | A;| = 9(2) = 180, choosing which 3 of
the remaining 6 chairs go to one of the other countries. For two countries, after
placing the first block (9 ways) the remaining six chairs form an arc containing 4 triples
of consecutive chairs,so |A; N A;| = 9 - 4 = 36. Forall three, the circle must split
into three consecutive triples (3 ways) assigned to the countriesin 3! orders: | A; N
As N Az| = 18. By inclusion-exclusion,

|A; U Ay U As| = 3-180 — 3 - 36 + 18 = 450.

The probabilityis1 — % =1- % = %,som—i—n =414 56 = 97.



13. Point P lies on the diagonal AC of square ABC' D with AP > CP.LetO;and Oy be
the circumcenters of triangles ABP and C D P, respectively. Giventhat AB = 12
and ZO1 POy = 120°, then AP = v/a + /b, where a and b are positive integers.
Finda + b.

Solution:

Place A = (0,0),B = (12,0),C = (12,12), D = (0,12),and P = (p, p) withp >
6. Since Oy is equidistant from A and B, itliesonx = 6;setting O; = (6, k) and
equating 01 A% = O P? givesk = p — 6,50 0; = (6, p — 6). Similarly O,
equidistant from C'and D,is O = (6, p + 6).

The vectors from P to the centersare (6 — p, —6) and (6 — p, 6),so

., (6—p)*—36 1
120° = S
cos 6—p2+36 2

which gives 3(p — 6)% = 36,s0 (p — 6)? = 12andp = 6 + 2+/3.
Then AP = py/2 = 64/2 4+ 26 = V72 + /24,500 + b = 72 + 24 = 96.



14. There are N permutations (a1, as, . ..,a3p) of 1,2, ...,30suchthatform €
{2,3,5},mdividesa,, 1, — a, forallintegersnwithl < n < n + m < 30.Find the
remainderwhen NN is divided by 1000.

Solution:

Foreachm € {2, 3,5}, the condition a, ., = a,, (mod m) means the residue of a,,
modulo m depends only onn mod m, defining a map o, fromresidues to residues.
Eachresidue class of positions has 3—772 members, and so does eachresidue class of
values; if o, senttwo position classes to the same value class, that class's % values
would have to fill % positions, whichisimpossible. So each g,,, is a permutation of the
residues modulom.

Conversely, by the Chinese remainder theorem each positionn € {1,...,30}
corresponds to a unique triple (n mod 2, n mod 3, n mod 5), and likewise for
values. Any choice of permutations (02, o3, 05) therefore determines a unique valid
permutationofl,..., 30, sending the position triple to the prescribed value triple.

Hence N = 2! 3!. 5! = 1440, and the remainder upon division by 1000 is 440.



15. Let P(z) = x? — 3z — 9. Areal number z is chosen at random from the interval 5 <

x < 15.The probability that { P(a:)J = +/P(|z])isequalto w,where

a,b,c,d,and e are positive integers. Finda + b+ ¢+ d + e.

Solution:

Forz € [n,n + 1) theright-hand sideiis 1/P(n), which must be aninteger, so

P(n) = n? — 3n — 9mustbe aperfectsquare.Forn = 5,6, ..., 14 thevalues are
1,9,19,31,45,61,79,99,121, 145 :onlyn = 5, 6, 13 give squares, withy/ P(n) =
1,3, 11 respectively.

Pisincreasingon [5,15],soforz € [n,n + 1) we automatically have v/ P(x) >

v P(n),and \/P(a:)J = 4/ P(n) = mholds exactlywhen P(z) < (m + 1)%,i.e.

3++/45+4(m+1)? /61 344109 34/EaL
5 (mt1) = 1,3, 11 the cutoffs are Y6l S1V109 134vB2L eqch

lyinginside the corresponding unitinterval, so the successful subintervals have

V61-7 +109-9 +621-23
lengths “=—, —%—, —%5—.

.Form

Theinterval [5, 15] haslength 10, so the probability is

1 61+ +/109++/621 -39 /61 ++/109 + /621 — 39

10 2 20
givinga+b+c+d+e =61+ 109 4 621 + 39 + 20 = 850.
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