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1. Let N bethe greatestinteger multiple of 36 all of whose digits are even and no two of
whose digits are the same. Find the remainder when IV is divided by 1000.

Solution:

Since 36 = 4 - 9, the number N must be divisible by both 4 and 9. Its digits are distinct
members of {0, 2, 4, 6, 8}, whose totalis 20, so N cannot use all five. The digit sum must
be amultiple of 9, and being even it must be 18; the only such digit sets are {4, 6, 8} and
{0,4,6,8}.

The largest number formed from {0, 4, 6, 8} is 8640, which ends in 40, a multiple of 4. So
N = 8640, and the remainder upon division by 1000 is 640.



2. Apoint Pischosenatrandomin the interior of aunit square S. Let d(P) denote the
distance from P to the closest side of S. The probability that % < d(P) < % is equalto ™,
where m and n are relatively prime positive integers. Find m + n.

Solution:

The points with d(P) > t forma concentric square of side 1 — 2t. Sod(P) >  puts P
inside the concentric square of side %, andd(P) < % keeps P outside the open
concentric square of side %

Since the unit square has area 1, the probability is the area between those two squares:

3\ (1\* 9 1 81-25 56
5 3/ 25 9 225 225

Thusm +n = 56 + 225 = 281.

3. Let K bethe product of allfactors (b — a) (not necessarily distinct) where a and bare
integers satisfyingl < a < b < 20.Find the greatest positive integern such that 2"
divides K.

Solution:

Foreachvaluev = b — a, the pairs (a,b) = (1,v + 1), (2,v + 2),..., (20 — v, 20) show
19

that v occurs exactly 20 — vtimes,so K = [[,~; v?0~?. The exponent of 2in K is

therefore Y (20 — v) e(v), where e(v) is the exponent of 2inv.

Only evenv contribute: v = 2,6, 10,14, 18 givee = 1;v = 4,12 givee = 2;v = 8 gives

e = 3;andv = 16 givese = 4.The totalis
18+16-2+14+12-3+10+8-2+6+4-4+ 2 =150,

son = 150.



4. Dave arrives at an airport which has twelve gates arranged in a straight line with exactly 100
feet between adjacent gates. His departure gate is assigned at random. After waiting at
that gate, Dave is told the departure gate has been changed to a different gate, again at
random. Let the probability that Dave walks 400 feet or less to the new gate be a fraction
% ,where m and n are relatively prime positive integers. Find m + n.

Solution:

Number the gates 1 through 12. All12 - 11 = 132 ordered pairs of distinct (old, new) gates
are equally likely, and Dave walks 400 feet or less exactly when the gate numbers differ by at
most 4.

Agateihasmin(i + 4,12) — max(i — 4, 1) qualifying new gates: gates 1 and 12 have 4
each, gates2and 11 have 5, gates 3 and 10 have 6, gates4 and 9 have 7, and gates 5
through 8 have 8 each. The totalis2(4 +5+ 6+ 7) + 4 -8 = 76.

The probability is % = %,som +n =19+ 33 = 52.

5. Positive numbers x, y, and z satisfy zyz = 108! and (log;, ) (log;, y2) +
(logyo y)(logg z) = 468.Find /(logyo )2 + (log1o y)? + (logyg 2)*-

Solution:

Leta = log;y z,b = logy y,and ¢ = logy z. Takinglogs of zyz = 10%! givesa + b +
c = 81.Sincelog;, yz = b + ¢, the second conditionis a(b + ¢) + bc = ab + ac + bc =
468.

Squaring the sum,
a®+ b +c?=(a+b+c)? —2(ab+ac+bc) = 812 — 2 - 468 = 6561 — 936 = 5625,

sotherequestedyvalueis v5625 = 75.



6. Findthe smallest positive integern with the property that the polynomial z* — nx + 63
can be written as a product of two nonconstant polynomials with integer coefficients.

Solution:

If there is alinear factor, then some integerbis aroot, so b* —nb+ 63 =0andn = b +
%,forcingb | 63andb > 0.The smallestvalueis 48, atb = 3.

Otherwise the polynomial splits into two quadratics, which we may take monic; since the x3

coefficient vanishes, they have the form
(2 +pz +q)(2® —pz +7) = 2" + (¢ +r —p*)a® +p(r — @)z + gr.

Matching coefficients gives ¢ + r = p?,qr = 63,andn = p(q — ). The factor pairs of 63
with square sumare {7,9} (sum 16,sop = 4)and {1, 63} (sum 64, sop = 8), givingn =
4.-2=8orn =28 62 =496.

The smallest positive value overallisn = 8;indeed (22 + 4z + 9)(z? — 4z + 7) = z* —
8z + 63.



7. LetP(z) = 23 + az? + bz + ¢, where a, b, and c are real. There exists a complex number w

such that the three roots of P(z) arew + 3i,w + 9i,and 2w — 4, wherei? = —1.Find |a +
b+ .
v
Solution:
Write w = = + yt withx, yreal. The sum of therootsis4w + 12¢ — 4 = —a, whichisreal, so

4y 4+ 12 = 0andy = —3.Therootsare thenx,x + 6i,and 2z — 4 — 6¢. Because the
coefficients are real, the two non-real roots must be conjugates, so 2z — 4 = x, givingx =
4.Therootsare4,4 + 6¢,and4 — 61.

Now
l+a+b+c=P1)=(1-4)(1— (4+6i))(1— (4—6:)) = (—3)(9+ 36) = —135,

soa+b+c= —136and|a+ b+ c| = 136.



8. Let N bethe number of ordered pairs of nonempty sets A and BB that have the following
properties:e AU B = {1,2,3,4,5,6,7,8,9,10,11,12},« AN B = (), « the number of
elements of Ais not an element of A, « the number of elements of Bis not an element of B.
Find IV.

Solution:

Letk = |A|,so|B| = 12 — kwith1 < k < 11. Since every element lies in exactly one set,
k ¢ Ameansk € B,and12 — k ¢ Bmeans12 — k € A.If k = 6, then 6 would have to
belong to both sets, whichisimpossible, so k # 6.

Foreachother k, the elements k and 12 — k are already placed, and the remainingk — 1

elements of A can be chosen from the other 10 numbers in (k10 ) ways, with B taking the

-1

11
10 10
N = — — 210 _ 959 — 772,
Z (k — 1) ( 5 )

rest. Hence



9. Let ABCDEF bearegularhexagon.LetG, H,I,J, K,and L be the midpoints of sides
AB,BC,CD,DE,EF,and AF ,respectively. Thesegments AH, BI,CJ,DK,FEL,
and F'G bound a smaller regular hexagon. Let the ratio of the area of the smaller hexagon to
the area of ABC' D EF be expressed as a fraction 7, where m and n are relatively prime
positive integers. Findm + n.

v
Solution:
Center the hexagon at the origin with circumradius 1 : A = (1,0), B = (%, @) ,C' =
(—%, ‘/TE) ,and F' = <%, —‘/75) .Then H = (O, g) andG = (%, \/Tg) . Rotation by 60°

permutes the six segments, so the smaller hexagonis regular and concentric, and the area
ratiois the square of the ratio of distances from the centerto a vertex.

One vertexis the intersectionof AH and FG. Line AH isx + % y = 1,andline FGis
y = 3v/3 2z — 24/3. Substitutinggivesz + 6z —4 = 1,sox = %andy = \/75

That vertex has squared distance % + 4% = % fromthe center, while A is at distance 1. The

ratio of areasis %,andm +n=4+7=11.



10. Find the number of second-degree polynomials f(x) with integer coefficients and integer
zeros forwhich f(0) = 2010.

Solution:

Write f(z) = a(x — r)(xz — s) withintegerroots, s; such a polynomial is determined by
a and the unordered pair {r, s}. The condition f(0) = 2010saysa -rs = 2010 =2 - 3 -
5 - 67.Since 2010 s squarefree, each of the four primes goes entirely to one of |al, |7, |s|.

First suppose |r| # |s|. Choosingwhich k > 1 of the four primes divide the roots ((2)
ways) and splitting those primes between the two roots (2¥~! unordered ways) gives

Zizl (:) 2k=1 — 4 4+ 12 + 16 + 8 = 40 choices of magnitudes. For each, the four sign
patterns (+, +), (+, —), (—, +), (—, —) of (7, s) are distinct and each forces the sign of a,
giving4 - 40 = 160 polynomials.

If || = |s|, squarefreenessforces |r| = |s| = 1,s0|a| = 2010 : the options areroots 1, 1
or—1, —1witha = 2010, orroots 1, —1 witha = —2010, adding 3 more. Intotal 160 +
3 = 163.



11. DefineaT-gridtobead x 3 matrix which satisfies the following two properties: (1) exactly
five of the entries are 1's, and the remaining four entries are 0's, and (2) among the eight
rows, columns, and long diagonals (the long diagonals are {a13, ass, as; } and
{all, as”, a33}), no more than one of the eight has all three entries equal. Find the number
of distinct T-grids.

Solution:

There are (9) = 126 matrices satisfying (1); we subtract those with two or more constant

5
lines. Two lines of 0's are impossible (they would need at least 5 zeros), and aline of 1'sand a
line of 0's cannot cross, so they must be parallel rows or parallel columns; likewise two lines

of 1's cannot be parallel (6 ones), so they must cross, usingexactly3 + 3 — 1 = 5ones.

Casel.aline of 1'sand a parallelline of 0's. There are 6 choices for the all-1 row or column, 2
for the parallel all-0 line, and 3 ways to fill the remaining parallel line with two 1'sand one O :
6 - 2 -3 = 36 matrices. Every perpendicularline then containsbothal and a0, so no third
constantline appears and nothing is double-counted.

Case 2: two crossinglines of 1'sand 0's elsewhere. The pair canbe arow and a column (3 -
3 =9),arow orcolumnwith adiagonal (6 - 2 = 12), or the two diagonals (1), for 22

matrices; one checks the fourremaining 0's never form a constantline. So 126 — 36 —
22 = 68.



12. Two noncongruent integer-sided isosceles triangles have the same perimeter and the
same area. The ratio of the lengths of the bases of the two trianglesis 8 : 7. Find the
minimum possible value of theircommon perimeter.

Solution:

Since theintegerbases areinratio8 : 7, they are 8a and 7a for a positive integer a. Equal
areas make the corresponding altitudes inversely proportional to the bases, say 7h and 8h.

The legs are then v/ 16a? + 49h2 and 4/ %(ﬂ + 64h2, and equal perimeters give
8a + 2v/16a2 + 49h? = Ta + 24/ £a? + 64h2.

Moving 7a to the left and squaring yields av/16a? + 49h% = 15h% — 4a?; squaring again

and simplifying leaves 225h* = 169a?h?,so h = 2. The legs become

109 233
Viba+49. 188 — 220 and /%a2 4641080 = 20

For all sides to be integers, 30 must divide a. Taking a = 30 gives the triangles
(218,218, 240) and (233, 233, 210), each with perimeter 676 and area 21840. The
minimum common perimeteris 676.



13. The 52 cardsinadeck are numbered 1, 2, ..., 52. Alex, Blair, Corey, and Dylan each picks a
card fromthe deck without replacement and with each card being equally likely to be
picked. The two persons with lower numbered cards form a team, and the two persons with
higher numbered cards form anotherteam. Letp(a) be the probability that Alexand Dylan
are on the same team, given that Alex picks one of the cards a and a + 9, and Dylan picks
the other of these two cards. The minimum value of p(a) forwhichp(a) > 1 canbe written

as % , Where m and n are relatively prime positive integers. Find m + n.

Solution:

Condition on Alex and Dylan holdinga and a + 9. Blairand Corey then draw 2 of the
remaining 50 cards, and Alex and Dylan are teammates exactly when both of those cards
are below a (Alex and Dylan are the highteam) or both are above a + 9 (the low team). There
area — 1cardsbelowand52 — (a +9) = 43 — a cards above, so

(") + (%)
50 .
()
The numeratoris = a® — 44a + 904, sop(a) > 3 becomesa? —

2
44a + 904 > 28 thatis, (a — 22)? > 39 Since aisaninteger, |a — 22| > 14,s0a < 8
ora > 36.

p(a) =

(a—1)(a—2)+(43—a)(42—a)

The parabolais smallest at the admissible points closesttoa = 22 : p(8) = p(36) =
7 + 35
(£)-() = 2% = 2 whichisindeed atleast 5. Thus + n = 88 + 175 = 263.

(520) 1225 = 175°




14. Inright triangle ABC with theright angle at C, Z/BAC < 45° and AB = 4.Point Pon AB
has the properties that LZAPC = 2/ ACP and CP = 1.Theratio % canberepresented
inthe formp + q+/7, where p, g, and r are positive integers and r is not divisible by the
square of any prime. Findp + q + r.

Solution:

A A,

D

Because theright angleis at C, segment AB is a diameter of the circumcircle; let O beits
center, so theradiusis 2. Leta« = ZACP and extend CP to meet the circle againat D.The
centralangleoverarc ADis ZAOD = 2/AC D = 2a, while vertical angles give

/DPB = /APC = 2a.50 0D and PD make equal angles with line AB, and triangle
ODPisisosceleswith DP = DO = 2.

By the power of the point P,
AP.PB=CP-PD=1-2=2, AP + PB =4,

so AP and PB are theroots of t — 4t + 2, namely 2 4 1/2. Since /ZBAC < 45°,we
have BC' < AC with AC? + BC? = 16,s0 AC > 24/2, and the triangle inequality gives
AP > AC —CP >2v/2—1>2— +/2.Hence AP = 2 + /2.

Therefore

AP 2++2  (2+V2)?
BP 92_.,2 2

andp+q+r=3+2+2=171.

=3+ 2V2,




15. Intriangle ABC, AC = 13, BC = 14,and AB = 15. Points M and D lie on AC with
AM = MC and ZABD = /DBC. Points N and E lieon ABwith AN = NB and
LACE = ZECB. Let P be the other point of intersection of the circumcircles of
AAMN and AADE.Ray AP meets BC at Q. Theratio % can be writtenin the form ™,

where m and n are relatively prime positive integers. Findm — n.

Solution:

B ) c

By the angle bisector theorem, AE = % -15andCD = % .13, s0 Elieson AN and D
lieson MC, with
15 65 5 13 182 13

NE =AN-AEF=— — — = —, MD=CM-CD=—— —=—.
2 9 18 2 29 58

Since AMPN is cyclic, /ENP = Z/ANP = 180° — ZAMP = /DMP,andsince
AEPDiscyclic, /ZNEP = 180° — ZAEP = ZADP = /M D P.Hence triangles
ENP and DMP are similar, so % = %. By the law of sines in triangles ANP and
AMP,whose angles ZANP and ZAMP are supplementary,

sin/BAQ sin/ZNAP NP 5/18 145

sin /CAQ sin/MAP MP 13/58 117

Comparing the areas of triangles ABQ and ACQ, which share the cevian AQ,

BQ [ABQ] _ABsin/BAQ _ 15 145 725
CQ [ACQ] ACsin/ZCAQ 13 117 507’

whichisinlowest terms since 507 = 3 - 132and 725 = 52 - 29.Thusm — n = 725 —
507 = 218.
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