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1. Before starting to paint, Billhad 130 ounces of blue paint, 164 ounces of red paint, and
188 ounces of white paint. Bill painted four equally sized stripes on a wall, making a
blue stripe, ared stripe, a white stripe, and a pink stripe. Pink is a mixture of red and
white, not necessarily in equal amounts. When Bill finished, he had equal amounts of
blue, red, and white paint left. Find the total number of ounces of paint Bill had left.

Solution:

Say each stripe used s ounces of paint. Blue was used only on the blue stripe, so s
ounces of blue were used. Since the three leftovers are equal and the colors started
34 and 58 ounces apart, red use exceeded blue use by 164 — 130 = 34 ouncesand
white use exceeded blue use by 188 — 130 = 58 ounces. That extrared and white is
exactly the pink stripe,so s = 34 + 58 = 92.

Bill thereforehad 130 — 92 = 38 ounces of each colorleft, foratotalof3 - 38 = 114
ounces.



2. Suppose thata,b,and care positive real numbers such that a'°%s 7 = 27, blos7 11 = 49
and cl°812% = /11, Find

qllogs 1) 4 pllogr 11)* | (logy, 25)°

Solution:

By the power rule for exponents,
q(logs 1)’ — (alogg 7)1°g37 — 7logs T — (3log3 7)3 = 73 = 343.

In the same way, b(1og711)°* — 4glog; 11 — (‘7loer 11)2 — 112 = 121, and (o8 25)" —
(VIL)*5% = (110en 25) /2 = 2512 = 5.
Thesumis 343 + 121 + 5 = 469.

3. Inrectangle ABCD, AB = 100. Let E be the midpoint of AD. Given thatline AC
and line BE are perpendicular, find the greatest integerless than AD.

v/
Solution:
Let AD = h,andplace A = (0,0), B = (100,0),C = (100,h), D = (0, h),so
E = (O, %) .Line AC has slope 1—80 andline BE has slope % = —%.

Perpendicularity gives

h _h _
100 200/

soh? = 20000and h = 100v/2 ~ 141.42.

The greatestintegerlessthan ADis 141.



4. Agroup of children held a grape-eating contest. When the contest was over, the
winner had eaten n grapes, and the childin kth place had eatenn + 2 — 2k grapes.
The total number of grapes eatenin the contest was 2009. Find the smallest possible

value of n.
v
Solution:
Let cbe the number of children. The grape countsn,n — 2,...,n + 2 — 2cforman

arithmetic sequence, so the totalis ctimes the average of the first and last terms:

n+(n+2-—2c)
2

Thusc | 2009andn = 222 + ¢ — 1.

c =c(n+1—c)=2009="7%-41.

The last-place childaten 4+ 2 — 2¢ = 229 4+ 1 — ¢ > O grapes, whichforces ¢(c —
1) <2009, ruling outc = 49, 287, and 2009. The remaining divisors give n = 2009 for
c=1,n=287+46 =293 forc = 7,andn = 49 + 40 = 89forc = 41.

The smallest possible valueisn = 89.



5. Equilateraltriangle T'is inscribedin circle A, which has radius 10. Circle B with radius 3
isinternally tangent to circle A at one vertex of T'. Circles C'and D, both with radius 2,
are internally tangent to circle A at the othertwo vertices of T'. Circles B, C, and D
are all externally tangent to circle E/, which has radius % ,where m and n are relatively
prime positive integers. Findm + n.

Solution:

Place the center of circle A at the origin with the triangle's vertices at (0, 10) and
(:|:5\/§, —5) .Acircle internally tangent to A at a vertex has its center on the radius to
that vertex, so circle B has center (0, 7) and circles C and D have centers

($4\/§, —4) (atdistance 10 — 2 = 8 from the origin).

By symmetry the center of circle E, of radius r, lies on the y-axis at (0, y). External
tangencyto Bgives7 —y = r 4+ 3,soy = 4 — r. External tangency to C gives

(4\/§)2 F(4—r4)?=(r+2)2

thatis, 48 + (8 — r)? = (r + 2)2, which simplifiesto 112 — 16r = 47 + 4,sor =

27
=

Thenm +n = 27+ 5 = 32.



6. Letmbethenumberof five-element subsets that canbe chosenfrom the set of the
first 14 natural numbers so that at least two of the five numbers are consecutive. Find
the remainder when m is divided by 1000.

Solution:

Count the complement: subsetsa; < as < ag < a4 < aswithnotwo consecutive.
Settingb; = a; — (i — 1) turns each such subset into five distinct numbers b; <

by < --- < bsin{l,...,10},andthis mapisreversible, so there are (150) = 252
subsets with no two consecutive numbers.

Thereforem = (154) — (150) = 2002 — 252 = 1750, and the remainder upon division
by 1000is 750.



7. Definen!ltoben(n —2)(n —4)---3-1fornoddandn(n — 2)(n —4)---4 - 2for

2009 (2i—1)!! o , :
neven.When) -7, 22),? is expressed as a fractioninlowest terms, its denominator

is 2%bwith b odd. Find ‘118

Solution:

The ithtermis (2(2 )1,? with odd numerator, and (2i)!! = 2 - !. Because (21) =

(12,’2, = 22(21, D is aninteger, every odd prime power dividing 4! also divides (2 —

1)!1. Hence inlowest terms the ith term has denominator exactly 2% where a; = i + e;
and e; is the exponent of 2in!. The a; strictly increase, so over the common
denominator 29200 every term except the last contributes an even numerator while the
last contributes an odd one. The sumin lowest terms therefore has denominator
exactly 27200 soh = 1.

By Legendre's formula,

e2009 = 1004 + 502 + 251 + 125 + 62 +31 + 15+ 7+ 3 + 1 = 2001,

soa = 2009 + 2001 = 4010.Then % = 084 — 401.



8. Daverolls afair six-sided die until a six appears for the first time. Independently, Linda
rolls a fair six-sided die until a six appears for the first time. Let m and n be relatively
prime positive integers such that % is the probability that the number of times Dave
rolls his die is equal to or within one of the number of times Linda rolls her die. Find
m + n.

Solution:

The probability that a player's first six appears onroll kis pj, = (%)k_l - 5-The
probability of atieis

f’:pz_l 1 1
k=36 7B 11
— 36 1-2 11

The probability that Linda needs exactly one more roll than Dave is Zzozl PkPk+1 =
% ZZL pi = 6—%, and by symmetry the same holds with the players swapped.

The total probability is % + 2. 65—6 = % = %,som +n =8+ 33 =41.



9. Letmbethe number of solutionsin positive integers to the equation4x + 3y +
2z = 2009, andletn be the number of solutionsin positive integers to the equation
4x + 3y + 2z = 2000. Find the remainder whenm — nis divided by 1000.

Solution:

If (z,y, 2) is a positive solution of 4z + 3y + 2z = 2009, then (z — 1,y — 1,2z — 1)
is anonnegative solution of 4x + 3y + 2z = 2000, and conversely, since4 + 3 +

2 = 9. Som equals the number of nonnegative solutions of 4 + 3y + 2z = 2000,
andm — n counts the nonnegative solutions of that equation in which atleast one
variableis 0.

lfx =0 :3y + 2z = 2000 forcesyeven,0 < y < 666, giving 334 solutions. If y =
0:2x 4+ 2z = 1000with0 < o < 500 gives501.If z = 0 : 4z + 3y = 2000 forces
y =0 (mod 4),0 <y < 664, giving 167. The solutions (0, 0, 1000) and (500, 0, 0)
are each countedtwice, so

m —n = 334 + 501 + 167 — 2 = 1000.

The remainderupon division by 1000 s 0.



10. Fourlighthouses are located at points A, B, C', and D. The lighthouse at Ais 5
kilometers from the lighthouse at B, the lighthouse at B is 12 kilometers from the
lighthouse at C, and the lighthouse at A is 13 kilometers from the lighthouse at C'. To
anobserver at A, the angle determined by the lights at B and D and the angle
determined by the lights at C' and D are equal. To an observerat C, the angle

determined by the lights at A and B and the angle determined by the lights at D and
pvT

q
arerelatively prime positive integers, and r is not divisible by the square of any prime.
Findp +q + .

B are equal. The number of kilometers from A to D is given by ,wherep, g,andr

Solution:
Since 52 + 122 = 132, angle Bisright. Place A = (0,0), B = (5,0),C = (5,12).
The conditionat Asays /BAD = Z/C AD,so D lies onthe bisectorof angle BAC.
Using the half-angle formulawithtan ZBAC = 15—2,

/BAC  sin/BAC 12/13 2

t f— — -
T 1+ cos/BAC  115/13 3

so Dliesontheliney = %:1:

The condition at C says C'B bisects angle AC' D, soray C' D is the reflection of ray C' A
overline CB, whichis the vertical line z = 5. The reflection of Ais (10, 0),so D lieson
the line through C' = (5,12) and (10, 0), namely 5y = 120 — 12z.

180

— 120
53 1Y = 53 . Then

Solvingy = 2z and5y = 120 — 12z givesz =

Ap = 0\ g OVIS

- 23 23

sop+q+7r=060+23+ 13 = 96.



1. Forcertain pairs (m, n) of positive integers withm > n there are exactly 50 distinct
positive integers k such that | log m — log k| < log n. Find the sum of all possible
values of the product mn.

Solution:

Theinequality | logm — log k| < lognisequivalentto 7t < k < mn.Writem =
nqg + rwithQ) < r < n;sincem > n > 2(forn = 1 no kworks),q > 1.Theintegers
kintheintervalareq + 1,q + 2,...,mn — 1,sotherearemn — q¢ — 1 = 50 of
them, thatis,mn — g = 51, or

q(n* — 1) + nr = 51.

Forn > 8theleftsideisatleast63,s02 < n < 7.Checkingeachcase, onlyn = 2,
r=0,g=17(som = 34)andn = 3,r = 1,q = 6 (som = 19)work. These give
mn = 68 andmn = 57;indeed 17 < k < 68 and 13—9 < k < 57eachcontainexactly
50 integers.

The sum of all possible values of mn is 68 + 57 = 125.



12. Fromthe setof integers {1, 2,3, ...,2009}, choose k pairs {a;, b; } witha; < b; so
that no two pairs have acommon element. Suppose that all the sums a; + b; are
distinct and less than or equal to 2009. Find the maximum possible value of k.

Solution:

LetS = Zle (a; + b;).The 2k chosen elements are distinct positive integers, so
S>14+2+---+ 2k = Ek(2k + 1). The k sums are distinct integers at most 2009,

505 < 2009 + 2008 + - - - + (2010 — k) = 4%k compbining,

k(4019 — k) 4017
2

k(2k +1) < = 4k +2<4019—k = k< —— = 8034,

sok < 803.

To achieve k = 803, take the pairs (¢, 1206 + ¢) for1 < ¢ < 401, whose sums are the
evennumbers 1208, 1210, . . ., 2008, together with the pairs (a, a + 403) for402 <
a < 803, whose sums are the odd numbers 1207, 1209, . . ., 2009. The elements
usedare 1-803, 805-1607 with no repeats, and all 803 sums are distinct and at most
20009.

The maximumis k = 803.



13. Let A and B be the endpoints of a semicircular arc of radius 2. The arc is divided into
seven congruent arcs by six equally spaced points C, Cs, . . . , Cg. All chords of the
form AC; or BCj; are drawn. Let n be the product of the lengths of these twelve
chords. Find the remainder whenn is divided by 1000.

Solution:

Put the circle in the complex plane with center0, A = —2, B = 2,and C; = 2w’ for
i=1,...,6,wherew = &™7.Then AC; = 2|w' + 1|and BC; = 2|w’ — 1|,s0
Asirunsoverl,...,6,thenumbers w? = e2™4/T run over all six nontrivial 7th roots of
unity ¢7. Since H?Zl(m —{)=1+2z+---+ 2% plugginginz = 1 gives
H?:1|1 — (7| = 7.Therefore

6
n=]]4|w* - 1] =4°-7=28672.
i=1

The remainder whenn is divided by 1000 is 672.



14. The sequence (a, ) satisfiesag = 0and a, 1 = %an + g 4 — a2 forn > 0. Find
the greatestintegerless thanorequaltoayg.

Solution:

Write a, = 2" sin 0, withfy = 0,50 4/4" — a2 = 2" | cos 6, |. Letd = arcsin 2, so
cosf = %. Therecursionbecomes

ani1 = 2" (cosBsin b, +sind|cosb,|) = 2" sin(f, +6),

with the plus signwhen cos 6,, > 0 and the minus signwhencos 6,, < 0.

Since % < % < g,we have 30° < 6 < 45°.The angles 8, 20 have positive cosine, so
the sequence of anglesruns 0, 8, 26, 36. But 90° < 30 < 135° has negative cosine,
sof, = 26, and fromthen onthe angle alternates between 30 and 26. In particular

0, = 20 foreveryevenn > 2.

Withsin20 =2 .4 = 24,

24 24576

ap = 2'sin 26 = 1024 - 5= or = 983.04,

sothe answeris 983.



15. Let MN be a diameter of a circle with diameter 1. Let A and B be points on one of the
semicircular arcs determined by MN such that A is the midpoint of the semicircle and
MB = % Point C lies on the other semicircular arc. Let d be the length of the line
segment whose endpoints are the intersections of diameter MN with the chords AC
and BC.The largest possible value of d can be writteninthe formr — 3\/1_5, wherer, s,
andt are positive integers and t is not divisible by the square of any prime. Findr +
s+ t.

Solution:

Let chords BC' and AC meet MN at P and @, andsetx = g—% Since /ZMBN =
90° (angleinasemicircle)and MB = £, we get BN also AM = AN = ‘/5
Because P liesonboth MN and BC, the ratlo equals the ratio of the d|stances

from M and N toline BC,i.e. gNC]] Incyclic quadrllateraIMBNCthe angles BMC

and BNC' are supplementary, so their sines are equal and

MP BM-MC 3z  MQ AM-MC

PN~ BN-NC 4’ QN_AN-NC:w°
Since MN = 1,thesegive MP = 3* +4 —, SO
T 3z T _ 1

d= MQ — MP = — = = :
@ z+1 3z+4 Ba2+Tzx+4 3z+iy7

As C'ranges over the far semicircle, x takes every positive value. By AM-GM, 3z +
% > 24/12 = 44/3, withequality atz = % Hence the largest value of d is

1
=7 44/3,
7+ 44/3

since (74 44/3)(7T—4v/3) = 1.Thenr + s+t =7+ 4+ 3 = 14.
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