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1. Ofthe students attending a school party, 60% of the students are girls, and 40% of the students like to dance. After
these students are joined by 20 more boy students, all of whom like to dance, the party is now 58% girls. How many
students now at the party like to dance?

Solution:

Let « be the number of students originally at the party, so 0.6z are girls and 0.4« like to dance. When the 20 boys
arrive, the number of girls is unchanged but the total becomes z + 20, s0 0.6z = 0.58(z + 20).Then0.02z = 11.6,
givingz = 580.

The number of students who now like to danceis 0.4 - 580 + 20 = 232 + 20 = 252.

2. Square AI ME has sides of length 10 units. Isosceles triangle GEM has base EM, and the area common to triangle
GEM and square AI ME is 80 square units. Find the length of the altitude to EM in AGEM.

Solution:

Here EM is a side of the square. Let h be the altitude of triangle GEM. If h < 10, the triangle would lie entirely
inside the square, andits area % -10 - h = 80 wouldforce h = 16, a contradiction. So h > 10 and the apex G lies

outside the square; the opposite side AT cuts off a smaller triangle similar to G EM with height b — 10 and base
10(h—10)
B

The commonregionis triangle G EM minus that small triangle:

1 10(h —10) 5(h — 10)?

2 h h '

Multiplying by h gives 80h = 5h? — 5(h — 10)2 = 5(20h — 100) = 100~ — 500,s0 20h = 500 and h = 25.

80 = 5h — . (h—10) = 5h —



3. Edand Suebike at equal and constant rates. Similarly, they jog at equal and constant rates, and they swim at equal
and constant rates. Ed covers 74 kilometers after biking for 2 hours, jogging for 3 hours, and swimming for 4 hours,
while Sue covers 91 kilometers afterjogging for 2 hours, swimming for 3 hours, and biking for 4 hours. Their biking,
jogging, and swimming rates are all whole numbers of kilometers per hour. Find the sum of the squares of Ed's biking,
jogging, and swimming rates.

Solution:

Letbd, 7, and s be the biking, jogging, and swimming rates. The two trips give
2b+3j +4s=T4 and 4b+ 25 + 3s = 91.

Doubling the first equation and subtracting the secondyields 45 + 5s = 57, whose positive integer solutions are
(4,8) = (13,1),(8,5),and (3, 9).

The corresponding values of 2b = 74 — 3j — 4sare 31,30,and 29, so only (7, s) = (8, 5) gives awhole-number
rate, b = 15. The sum of the squaresis 15% + 82 + 5% = 225 + 64 + 25 = 314.

4, There exist unique positive integers = and y that satisfy the equation 22 + 84z + 2008 = y2. Findx + v.

Solution:
Completing the square, £ + 84z + 2008 = (z + 42)% + 244, s0y? — (x + 42)? = 244, which factors as

—z—42)(y + = + 42) = 244 = 22 . 61.
(y Yy

The two factors have the same parity, and their product is even, so bothareeven:y — x — 42 = 2andy + = +
42 = 122.

Addinggivesy = 62,andthenz = 18;indeed 182 + 84 - 18 + 2008 = 3844 = 622. Thereforex +y = 18 +
62 = 80.



5. Arightcircular cone has base radius r and height h. The cone lies oniits side on a flat table. As the cone rolls on the
surface of the table without slipping, the point where the cone's base meets the table traces a circular arc centered
atthe point where the vertex touches the table. The cone first returns toits original position on the table after making
17 complete rotations. The value of h/r can be written in the form m./n, where m and n are positive integers and n
is not divisible by the square of any prime. Findm 4+ n.

Solution:

The contact point of the base stays at distance £ = v/ r2 + h2 (the slant height) from the fixed vertex, soit traces a
circle of radius £. Rolling without slipping, the cone makes one rotation for each base circumference of arc, so
returning after exactly 17 rotations means

2w\/r2 + h2 =17 27r, ie. Vr2 4+ h?=1T7r.

Squaring gives h? = 288r2,so h/r = /288 = 12¢/2,andm +n = 12 + 2 = 14.

6. Atriangular array of numbers has a first row consisting of the odd integers 1, 3, 5, . . . , 99 inincreasing order. Each
row below the first has one fewer entry than the row above it, and the bottom row has a single entry. Each entry in any
row after the top row equals the sum of the two entries diagonally above it in the row immediately above it. How many
entries in the array are multiples of 677

1 3 5 97 99
4 8 12 196

Solution:

By induction, the nth entry of row 7 is 2"~ (r + 2n — 2) :row 1 gives 2°(2n — 1), and summing two adjacent entries
ofrowrgives 2" !(r + 2n — 2) + 2" }(r + 2n) = 2" ((r + 1) + 2n — 2), the formulaforrowr + 1. Rowr has
51 — rentries,sol <n <51 —r.

Since 67is odd, an entry is amultiple of 67 exactlywhen 67 | 7 + 2n — 2. Asnruns through row r, the quantity r +
2n — 2takesthevaluesr,r + 2,...,100 — r, allwith the same parity as 7 and all less than 134. So the only possible
multiple of 67 is 67 itself, which requiresr odd andr < 67 < 100 — r, thatis,r < 33.

Eachoddrowr = 1,3, ..., 33 contains exactly one such entry, for a total of 17.



7. LetS;bethesetofallintegersmsuchthat 100 < n < 100(¢ + 1). Forexample, Sy is the set
{400,401, 402, . ..,499}. How many of the sets Sy, S1, Sa, . - . , Sggg do not contain a perfect square?

Solution:

Consecutive squares a® and (a + 1)% differby 2a + 1 < 99fora < 49, so the squares from 12 to 502 = 2500 never
skip a hundred-block: every set Sy, Si, . . ., So5 contains a perfect square. Fora > 50the gap2a + 1 > 101
exceeds 100, so each of the sets Sag, . . . , Sgg9 cONtains at most one square.

The largest numberinvolved is 99999, and 3162 = 99856 < 99999 < 3172. So the squares landingin Sag, - - - , Sgg9
are512,52% ..., 3162 —thatis, 266 squares occupying 266 distinct sets out of those 974.

Therefore 974 — 266 = 708 sets contain no perfect square.

8. Findthe positive integern such that

1 1 1 T
arctan — + arctan — + arctan — 4+ arctan — = —
3 4 5 n

v
Solution:
Forpositive z, y withxy < 1,the tangent addition formula gives arctan « + arctan y = arctan ffinyy.Applying it
twice:
1 1 1 + 1 7 7 1 =z + i 23
arctan — + arctan — = arctan - ‘11 = arctan —, arctan — + arctan — = arctan 1 75 = arctan —.
3 4 — 15 11 11 5 — = 24

23/24+1/n

T-23/(2dn) — 1. Clearing denominators, 23n + 24 =

The equationbecomes arctan % + arctan % = arctan 1, so
24n — 23, givingn = 47.



9.

10.

Tenidentical crates each have dimensions 3 ft x 4 ft x 6 ft. The first crate is placed flat on the floor. Each of the
remaining nine cratesis placed, in turn, flat on top of the previous crate, and the orientation of each crate is chosen at
random. Let % be the probability that the stack of crates is exactly 41 ft tall, where m and n are relatively prime
positive integers. Find m.

Solution:

Each crate independently contributes height 3, 4, or 6, each with probability %, so there are 310 equally likely stacks.
If ¢,y, z crates have heights 3,4, 6,thenz + y + 2z = 10and 3z + 4y + 6z = 41; subtracting three times the first
equationgivesy + 3z = 11, s0

(z,y,2) =(1,8,1), (3,5,2), (5,2,3).

These canbe orderedin #0!!1! =90, % = 2520, and #0,'3, = 2520 ways, for 5130 stacks in all. The probability is
5130 _ 190

30 — 7,which isinlowest termssince 190 = 2 - 5 - 19. Thusm = 190.

Let ABC D be anisosceles trapezoid with AD I BC whose angle at the longerbase ADis % The diagonals have
length 10\/ﬁ, and point F is at distances 10+/7 and 30+/7 from vertices A and D, respectively. Let F be the foot of
the altitude from C' to AD. The distance EF can be expressed in the form m+/n, where m andn are positive
integers and nis not divisible by the square of any prime. Findm 4+ n.

Solution:

By the triangle inequality, 30v/7 = DE < DA+ AE = DA + 10v/7,s0 DA > 204/7. Onthe otherhand, in

triangle ACD theangleat Dis 3 and AC' = 104/21, so the Law of Sines gives

_ ACsin/DCA  10v21
sin § V3/2

Both bounds force DA = 20+/7,s0 ZDC A = 90°, and equality in the triangle inequality means E lies on line AD

with A between D and E. From the right triangle, DC' = /D A2 — AC? = /2800 — 2100 = 10+/7, and since
Z/CDF = 60°,the foot satishies DF = DC cos 60° = 5v/7.

Points F and E are online AD onthe same side of D,so EF = DE — DF = 30+/7 — 5v/7 = 25v/7,andm +
n=25+7=32.

DA sin /DCA = 20/7sin /ZDCA < 20/7.




1.

12.

Consider sequences that consist entirely of A's and B's and that have the property that every run of consecutive A's
has even length, and every run of consecutive B's has odd length. Examples of such sequences are AA, B, and
AABAA,while BBAB isnot such asequence. How many such sequences have length 147

Solution:

Let a,, and b,, count valid sequences of length n beginning with A and with B. A sequence beginning with A starts
with A A followed by any valid sequence of lengthn — 2 (possibly empty), so a, 12 = a,, + b,, where the empty
seguence counts once. A sequence beginning with B starts either with a single B followed by a sequence beginning
with A, orwith BB followed by a sequence beginning with B,so b, .2 = a,+1 + by.

Starting from (a1, b1) = (0, 1) and (a2, b2) = (1, 0), the pairs (an, b,) forn = 3,4,...,14are
(1,2), (1,1), (3,3), (2,4), (6,5), (6,10), (11,11), (16,21), (22,27), (37,43), (49,64), (80,92).

The number of valid sequences of length 14 is 80 + 92 = 172.

Onalong straight stretch of one-way single-lane highway, cars all travel at the same speed and all obey the safety
rule: the distance from the back of the car ahead to the front of the car behind is exactly one carlength foreach 15
kilometers per hour of speed or fraction thereof. (Thus the front of a car traveling 52 kilometers per hour will be four
carlengths behind the back of the carin front of it.)

Aphotoelectric eye by the side of the road counts the number of cars that passin one hour. Assuming that each caris
4 meters long and that the cars can travel at any speed, let M be the maximum whole number of cars that can pass
the photoelectric eye in one hour. Find the quotient when M is divided by 10.

Solution:

Suppose the cars travel at s kilometers per hour. The gap is [ s/15 ]| carlengths, so successive frontsare 4] s /15| + 4
meters apart, andin one hour a column of 1000s meters of traffic passes the eye — that s,

_1000s  250s
~ 4[s/15] +4  [s/15] +1

gaps perhour.

Forafixedvaluek = [s/15],the count N islargestat s = 15k, where it equals %.This is always less than 3750
but approaches 3750 as k grows. Although the gap count never reaches 3750, the car count can: choose k so large
that more than 3749 gaps pass, and start the hour with a car exactly at the eye. That car, plus one car for each of the

3749 complete gaps that follow, makes 3750 cars.
So M = 3750, and the quotient when M is divided by 10is 375.



13. Let
p(z,y) = ag + a2 + azy + asa® + aswy + asy’ + aez’ + arz’y + aszy’ + agy’.
Suppose that

p(070) = p(l, 0) = p(—l,O) = p(O, 1) = p(O, _1) = p(]., 1) = p(l, _1) = p(2, 2) = 0.

Thereisapoint (£, 2) forwhichp (2, £) = 0forallsuch polynomials, where a, b, and c are positive integers, a and ¢
arerelatively prime,andc¢ > 1.Finda + b + c.

Solution:

Fromp(0,0) = Owe getay = 0. Adding and subtractingp(1,0) = p(—1,0) = Ogivesag = 0andag = —ay;
similarly p(0, £1) = Ogiveas = 0andag = —ay.Thenp(1,1) = 0andp(1l, —1) = Oreducetoay + a7 +ag =0
and —ay — a7 + ag = 0,s0ag = 0anda; = —as.Nowp = a;(z — %) + as(y — ¥®) + as(zy — 2%y), and
p(2,2) = Ogives —6a; — 6az — 4das = 0,i.e.as = —3 (a1 + a2).

Therefore
p=ai[z—a®—day(l— =) +ax [y —y° — Say(1 - 2)],

and a point (1, s) that is azero for every choice of a;, as must kill both brackets. The first bracket factors as r(1 —
T) (1 +7r— %s) ,soforanew point (withr # 0, 1)weneed s = %('r + 1).The second bracket is %8(2 — 282 —
3r + 3r?); substituting s = 3 (r + 1)*tumns 2 — 2% — 3r + 3r% = Ointo

19r> — 43r +10
= -

0,

whoserootsarer = 2andr = %.

Therootr = 2reproduces the given point (2, 2), so the new pointhasr = % ands = % . % = }—S.Thus (a,b,c) =
(5,16,19) anda + b + ¢ = 40.



14. Let AB be adiameter of circle w. Extend AB through Ato C. Point T' lies on w so that line CT'is tangent to w. Point
Pisthefoot of the perpendicular from A to line CT'. Suppose AB = 18, and let m denote the maximum possible
length of segment BP. Find m?.

Solution:

Place the center O at the origin withradius 9, s0 A = (—9,0) and B = (9, 0). If the point of tangencyis T =

(9 cost,9sint), thetangentlineisz cost + ysint = 9;itmeets the z-axisat C = (9/ cost, 0), which lies beyond
Aexactlywhen —1 < cost < 0. Writingu = cos t, the signed distance from A to the lineis —9u — 9, so the foot of
the perpendicularis P = A + 9(1 + u)(cost, sin t).

ThenP — B = (9(u? + u — 2), 9(1 + u) sint),andusingsin2t =1-u?:

BP? 2 2 2 2 2
& =w +u—2) "+ 1+u)(l—u*)=5-—2u—3u.
This quadratic inu is maximized atu = — 3, whichisinside (—1, 0) (there C = (—27,0)), giving BS—€2 =5+2—
1_ 16
37 3¢

Thereforem? = 81 - 13—6 = 432.



15. A square piece of paper has sides of length 100. From each corner a wedge is cut in the following manner: at each
corner, the two cuts for the wedge each start at distance /17 from the corner, and they meet onthe diagonal at an
angle of 60° (see the figure below). The paperis then folded up along the lines joining the vertices of adjacent cuts.
When the two edges of a cut meet, they are taped together. The resultis a paper tray whose sides are not at right
anglesto the base. The height of the tray, that is, the perpendicular distance between the plane of the base and the
plane formed by the upper edges, can be written in the form /m, where m and n are positive integers, m < 1000,
and m is not divisible by the nth power of any prime. Find m + n.

fold
fold
cut
30°
309
\/ﬁ cut
V1T

Solution:

Put the corner at the origin O with the two sides along the positive axes, and write a = v/17.The cut on the bottom
edgesstartsat P = (a, 0), and the two cuts meet at R on the diagonal y = x, each making a 30° angle with the
diagonal. Intriangle OPR, ZROP = 45° and ZORP = 30°, so the Law of Sines gives PR = % = av/2.The
fold lines are the horizontal and vertical lines through R. Let S be the point of the horizontal fold line directly above P,
andT' = (a, a) the point where the vertical line through P meets the diagonal. Since ZOPR = 105°, segment PR

makes a 75° angle with the bottom edge, so

1 1 -1
SP:PRsin75°:a\/§~\/61_\/§:a\/§2+, ST:SP—PT:a\/g;— —a:a\/§2 .
o) S R
50,
4o
a
45°
o a p

When the bottom strip folds up along the horizontal line through R, point P stays at distance SP from S, movingin
the vertical plane through P perpendicular to that fold line. By symmetry the two taped cut edges meet above the
diagonal, so P lands at a point P’ directly above T', and P'T is the height of the tray. By the Pythagorean theorem,

2 2
P'T? = P'S? — ST? = o? (‘/3+1> S (*/g_l) = a®V/3.

2 2

Sotheheightisa - 34 = /17 - /3 = V172 - 3 = V/867,andm + n = 867 + 4 = 871.
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