2007 AIME | Solutions

Typeset by: LIVE by Po-Shen Loh
https://live.poshenloh.com/past-contests/aime/2007|/solutions

Problems © Mathematical Association of America. Reproduced with permission.

1. How many positive perfect squares less than 108 are multiples of 24?

Solution:

Since 24 = 23 - 3, asquare N2 is amultiple of 24 exactly when N is a multiple of 12 :
the factor 23 forces N to contain 22, the factor 3 forces N to contain 3, and
conversely (12m)? = 144m?is always a multiple of 24. Also N2 < 10 exactly when
N < 1000.

996

The multiples of 12 less than 1000 are 12, 24, ..., 996, and there are 53> = 83 of
them.



2. A100footlong moving walkway moves at a constant rate of 6 feet per second. Al
steps onto the start of the walkway and stands. Bob steps onto the start of the
walkway two seconds later and strolls forward along the walkway at a constant rate of
4 feet per second. Two seconds after that, Cy reaches the start of the walkway and
walks briskly forward beside the walkway at a constant rate of 8 feet persecond. At a
certain time, one of these three personsis exactly halfway between the othertwo. At
that time, find the distance in feet between the start of the walkway and the middle
person.

Solution:

Measure time tin seconds from when Al steps on. Al stands on the walkway, so he is at
6¢; Bob movesat6 + 4 = 10feet persecond, soheisat 10(¢ — 2); Cy walks beside
the walkway at 8 feet persecond, soheis at8(¢ — 4). Allthree are movingonce t > 4.

The middle person's position doubled must equal the sum of the other two. If Bob
wereinthe middle, 20(¢t — 2) = 6t + 8(t — 4) givest = 3 < 4,impossible. If Cy
were inthe middle, 16(¢t — 4) = 6t 4+ 10(¢ — 2) reducesto —64 = —20, withno
solution. If Alisin the middle, 12t = 10(t — 2) + 8(t — 4) = 18t — 52,s0t = 2.

3
AtthatmomentAlisat6 - 2—36 = 52 feet, while Bob and Cy are at 2_30 and 1—;)2

averageisindeed 52. The middle personis 52 feet from the start.

,whose



3. The complexnumber zis equalto 9 + bi, where bis a positive real number and P2 =
—1. Given that the imaginary parts of 22 and 23 are equal, find b.

Solution:

By the binomial theorem, 2% = (81 — b?) + 18biand 2® = (729 — 27b?) + (243b —
b®)i. Setting the imaginary parts equal gives 18b = 243b — b3.

Since bis positive we may divide by b, leaving b®> = 243 — 18 = 225,s0b = 15.

4. Three planetsrevolve about a starin coplanar circular orbits with the star at the center.
All planetsrevolve inthe same direction, each at a constant speed, and the periods of
their orbits are 60, 84, and 140 years. The positions of the star and all three planets are
currently collinear. They will next be collinear aftern years. Find n.

Solution:

All four bodies lie on one line exactly when every pair of planetsis collinear with the
star, i.e. when each pair's angular positions differ by a multiple of 180° —half a
revolution. Inn years the planets complete %= 60 84 ;and = 140 revolutions, so the pairwise
differences are

n n n n n n n n n

60 84 210’ 84 140 210’ 60 140 105

We need 5= 210 and 1’(}5 to be multiples of 5 L The first requires n to be a multiple of 105,

and any suchn makes —= 105 @ninteger. The smallest positive choiceisn = 105.
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5. Theformulafor converting a Fahrenheit temperature F' to the corresponding Celsius
temperature C'is C' = g(F — 32). Aninteger Fahrenheit temperature is converted to
Celsius androunded to the nearest integer; the resulting integer Celsius temperature
is converted back to Fahrenheit and rounded to the nearest integer. Forhow many
integer Fahrenheit temperatures T'with 32 < T' < 1000 does the original
temperature equal the final temperature?

Solution:

Adding 9 to F' adds exactly 5 to g(F — 32), hence 5 to the rounded Celsius value,
hence 9 to the final Fahrenheit value. So T’ returns toitself if and only if T' + 9 does,
and it suffices to check nine consecutive temperatures. Checking 32 through 40 : the
final values are 32, 34, 34, 36, 36, 37, 37, 39, 39, so exactly the five temperatures

32, 34, 36, 37, 39 survive.

The range from 32 through 994 contains 963 = 107 - 9integers, contributing 107 -
5 = 535 survivors. The remaining 995, . .., 1000 behave like 32, . . ., 37, of which
32, 34, 36, 37 survive, adding 4 more.

The totalis 535 + 4 = 539.



6. Afrogisplaced atthe origin onthe numberline, and moves according to the following
rule:ina given move, the frog advances to either the closest point with a greater
integer coordinate thatis a multiple of 3, or to the closest point with a greaterinteger
coordinate thatis a multiple of 13. Amove sequenceis a sequence of coordinates
which correspond to valid moves, beginning with 0, and ending with 39. For example,
0,3,6,13,15,26,39isamove sequence. How many move sequences are possible
forthe frog?

Solution:

Split the journey at the landmarks 13 and 26. From 0 the frog climbs the multiples of 3
and mayjumpto 13 fromany of 0, 3, 6,9, 12, giving 5 routes from 0 to 13; likewise
there are b routes from 13 to 26 (jump to 26 from 13, 15, 18, 21, 24) and 5 from 26 to
39. To skip 13 entirely the frog must take the multiple-of-3 option every time through
12 — 15, thenjump to 26 fromone of 15, 18, 21, 24 : 4 routes from 0 to 26 avoiding
13. Similarly there are 4 routes from 13 to 39 avoiding 26, and 4 from 0 to 39 avoiding
both.

Combining the segments: through bothlandmarks, 5 - 5 - 5 = 125; through 13 only,
5 -4 = 20;through 26 only, 4 - 5 = 20; through neither, 4. The totalis 125 + 20 +
20 + 4 = 169.



7. Let

1000

N =) k([log k] — |log5k]).

k=1

Find the remainder when N is divided by 1000. (Here | z | denotes the greatest integer
thatis less than orequal to z, and [z | denotes the least integer that is greater than or

equaltox.)

Solution:

The difference [z | — |z ] equals 1 when zis not anintegerand 0 whenitis. Now
log s kisanintegerexactly whenk = (+v/2)7 for some integer j, and for k to be an
integer, 7 must be even — thatis, k must be a power of 2. The powers at most 1000 are
20 21 .., 29 =512.

Therefore
1000 9
1000 - 1001
N=> k- 29— " 1023= — 1023 = 4994
kz:; ; 5 023 = 500500 — 1023 = 499477,

and the remainder upon division by 1000is 477.



8. The polynomial P(x) is cubic. What is the largest value of k for which the polynomials
Q1(z) = 2% + (k — 29)z — kand Qz(x) = 2x2 + (2k — 43)x + kare bothfactors
of P(x)?

Solution:

If Q1 and Q5 had no common root, their product — of degree 4 — would divide the
cubic P(z),whichisimpossible. So they share arootr,and 2Q1 (1) — Q2(r) = 0.

Computing, 2Q1(z) — Q2(x) = —15z — 3k,sor = —g.

Substitutinginto Q1 (r) = 0 gives % — (k — 29)% — k = 0; multiplying by 25 and
simplifying yields —4k? 4+ 120k = 0,sok = Oork = 30.

Fork =30,Q:(z) =2+ — 30 = (z + 6)(z — 5) and Q2(z) = 222 + 17z +
30 = (z + 6)(2x + 5),and both divide P(z) = (z + 6)(z — 5)(2z + 5).The
largest value is 30.



9. Inrighttriangle ABC withrightangle C, C A = 30and CB = 16. Itslegs CA and CB
are extended beyond A and B. Points O and Os lie in the exterior of the triangle and
are the centers of two circles with equal radii. The circle with center O; is tangent to
the hypotenuse and to the extension of leg C' A, the circle with center Oy is tangent to
the hypotenuse and to the extension of leg C'B, and the circles are externally tangent
to each other. The length of the radius of either circle can be expressed as g, where p
and g are relatively prime positive integers. Findp + q.

Solution:

The hypotenuseis AB = /302 + 162 = 34. Let T} and Th be the points where the
circles touch AB. Both centers lie at distance r from line AB on the side away from

the triangle, so 0105 is parallelto AB and 1115 = 0105 = 2r, since the circles are
externally tangent. Thus AB = AT + 2r + 1) B.

Circle Oy isinscribed in the angle at A between ray AB and the extension of C A
beyond A, whichmeasures 180° — £ A. Its tangentlength from A is therefore
AT, = r/ tan (90° — é) = rtan %.With sin A = % andcos A = 39 the half-

347
: A _ _sinA __ 16 _ 1 B _ 3 _ 3
angle formulagivestan 5 = Treed = 61 = 1

S034=1+42r+ ¥ =57 givingr = £2.Since 680 = 2% - 5- 17and57 = 3 - 19

andsimilarly tan 5 = 5416 — 5
20

share nocommon factor,p + g = 680 4 57 = 737.



10. Inthe 6 x 4 grid shown, 12 of the 24 squares are to be shaded so that there are two
shaded squaresin eachrow and three shaded squares in each column. Let N be the
number of shadings with this property. Find the remainder when N is divided by 1000.

Solution:

Shade three of the sixrowsincolumn1 : (g) = 20 ways. Let k be the number of rows

shadedinboth columns 1 and 2; column 2 canthenbe chosenin (2) (:ﬁk) ways. After
these two columns, k rows are complete with two shaded squares, 6 — 2k rows have
one, and k rows have none.

The empty rows must be shaded in both columns 3 and 4. Column 3 takes those k
6—2k
3—k
then forced: it must cover the empty rows and exactly the singly-shaded rows

skipped by column 3.

rows plus 3 — k of the 6 — 2k singly-shadedrows, in ( ) ways, and column4is

Summing,

3
3 3 6 — 2k
N =20 = 20(20 +54 4+ 18 + 1) = 1860,
Zko(k><3k)<3k) (20454518 +1)

so theremainderis 860.



11. Foreach positive integer p, let b(p) denote the unique positive integer k such that
|k — /p| < 3.Forexample, b(6) = 2andb(23) = 5.1f S = 221017 b(p), find the
remainder when S is divided by 1000.

Solution:

2
For a positive integer k, the condition |k — /p| < %means (k — %) <p<

(k: + %)2 ,which forintegerspisexactly k> —k +1 < p < k? + k.Sob(p) = k for
precisely 2k values of p.

Since 442 + 44 = 1980, theblocksk = 1, ..., 44 exactly coverp < 1980 and
contribute

44

44 - 45 -
Zk-2k:2-$=58740.
k=1

The remaining 27 values p = 1981, . ..,2007 each have b(p) = 45, adding 27 - 45 =
1215.

Thus S = 58740 + 1215 = 59955, and the remainderis 955.



12. Inisosceles triangle ABC', Aislocated at the origin and B is located at (20, 0). Point
Cisinthe first quadrant with AC' = BC' and ZBAC = 75°.I1f AABC'isrotated
counterclockwise about point A until the image of C'lies on the positive y-axis, the
area of the region common to the original triangle and the rotated triangle is in the
formpv'2 + ¢v/3 + rv6 + s,wherep, g, , s are integers. Find pgires,

Solution:

Since AC makes a 75° angle with the positive z-axis, the rotationis by 15°. Let B’ and
C'betheimages of Band C.Because /B'AB = 15° and ZABC = 75°,segment
AB'isperpendicularto BC;let D be theirintersection, andlet E = BC N B'C’ and
F = AC N B'C’.The commonregionis the quadrilateral AD EF', whose area is
[AB'F] — [EB'D).

Intriangle AB'F, /FAB' = 75° — 15° = 60°and ZAB'F = 75°,s0 /AFB' =

45°,and the law of sines gives B'F = 20 sin 60°/ sin 45° = 10+/6. Withsin 75° =
V6++/2
4

[AB'F] =1 .20-10v/6 sin 75° = 50(3 + v/3).

Inright triangle ABD, AD = 20 cos 15° and BD = 20sin 15°,s0[ABD] =
200 sin 15° cos 15° = 100 sin 30° = 50,and B'D = 20(1 — cos 15°). Triangles
EB’'D and ABD are similar (right anglesat D,and ZEB'D = ZABD = 75°), so,



13.

V6+v2
4 Y

usingcos 15° =

1—cos15°\°

[EB'D] = 50 (L) = 50 (15 +8v3 — 6v6 — 10\/5) .
sin 15°

Therefore [ADEF] = 50(3 + 1/3) — 50(15 + 8v/3 — 61/6 — 104/2) = 500v/2 —

350+/3 + 300+/6 — 600, so (p, g, 7, s) = (500, —350, 300, —600) and L=LE"—* —

100 = 875.

A square pyramid with base ABC' D and vertex E has eight edges of length 4. Aplane
passes through the midpoints of AE, BC',and C'D. The plane'sintersection with the
pyramid has an area that can be expressed as /p. Find p.

Solution:

Place the baseat A = (0,0,0),B = (4,0,0),C = (4,4,0),D = (0,4, 0); the apex
isthen E = (2,2,2v/2),since 22 + 22 + 8 = 16. The given midpoints are R =
(1,1,v/2),8 = (4,2,0),and T = (2,4,0),and all three satisfy z + y + 2v/2 2 = 6,
the equation of the cutting plane.

Parametrizing edges BE and D E shows the plane meets thematU = (g, %,

“fS

andV = (%, %, %) . The cross-sectionis the pentagon RU STV with RU =
RV =/7,US =VT = +/3,8T = 24/2,and diagonal UV = 3+/2.

Split the pentagonalong UV . Isosceles triangle RUV hasheight /7 — % = g and

area% -3v/2- \/g = 32£ Isosceles trapezoid U STV hasheight 4/3 — % = g
andarea %(3\/5 + 2\/5)\/§ = %.The totalis 4v/5 = v/80,s0p = 80.



14. Letasequence be defined asfollows:a; = 3,ay = 3,andforn > 2,a,,1a, 1 =

2 2
2 , : 2007+ %2006
a;, + 2007.Find the largestintegerless than orequal to p—

Solution:

Forn > 3,botha,.1a, 1 = afl + 2007 anda,a,_o = a,%_l + 2007 hold.

Subtracting and regrouping gives a,, 1 (@n1 + Gn_1) = ap(ap + ap_y),so it

Qn

. 2 0
has the same value foreveryn > 2. Since ag = 342007 = 672, that value is 823 —

225, and the sequence satisfiesap+1 = 225a, — an-1.

Multiplyinga,.1 + a,—1 = 225a,, by a,,+1 and substitutinga,1a, 1 = afl + 2007
yieldsaZ. | + a2 + 2007 = 225 a,an 1,0
a2, +a2 2007

= 225 — .
Apn+10np AnQn4+1

The sequenceincreases: ag = 672 > ag,anda,,1 = 225a, — a,_1 > a, whenever
A, > a,_1.Hence asgosasnor > 6722 > 2007, so the fraction lies strictly between
224 and 225, and the answer is 224.



15. Let ABC be anequilateral triangle, and let D and F' be points onsides BC and AB,
respectively, with FA = 5and C'D = 2. Point E'lies on side C'A such that
/DEF = 60°.The area of triangle DEF is 144/3. The two possible values of the
length of side AB are p &= g4/, where pand g are rational, and r is an integer not
divisible by the square of a prime. Find r.

Solution:

Lets = ABandt = AFE.Usingthe 60° anglesat A, B, C and the area formula
leysin60° : [AEF] = ¥3 . 5¢, [BFD] = ¥3(s — 5)(s — 2),and [CDE] = ¥3 .

i
2(s — t). Subtracting allthreefrom [ABC| = ‘[3 and simplifying,
3
[DEF) = %(5(3 — 1) + 2t — 10) = 14V3,

sob(s —t) + 2t = 66.

At E,the angles ZAEF and ZCED sumto 180° — 60° = 120°, while in triangle
AFEF theangles ZAEF and ZAFF alsosumto 120°. Hence ZAFE = ZCED, and
since LA = ZC' = 60°, triangles AEF and C DFE are similar. Then ﬁg = Cg gives

L =2 sot(s—t) =10.

Substituting s — t = L into5(s — t) + 2t = 66 gives 22 + 2t = 66, 0rt> — 33t +
25 =0, sot—33i‘/gﬁ From2 =33 —twegetf = £(33 —t),sos =t + L =

31466 — 23LE3V989 Both values yield valid configurations, sor = 989.
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