2006 AIME Il Solutions

Typeset by: LIVE by Po-Shen Loh
https://live.poshenloh.com/past-contests/aime/2006ll/solutions

Problems © Mathematical Association of America. Reproduced with permission.

1. Inconvexhexagon ABCDEF, allsixsides are congruent, ZA and ZD are right
angles,and ZB, ZC, ZFE,and ZF are congruent. The area of the hexagonal regionis
2116(+/2 + 1).Find AB.

Solution:

The angles of ahexagon sum to 720°, so each of the four congruent angles measures
M = 135degrees. Let AB = x.The diagonals BF' and CFE cut off the right
isosceles triangles F AB and CDE, each with legs = and hypotenuse z+/2, and the
135° angles guarantee that the remaining piece BCEF is arectangle with sides z+/2

andx.

Hencethe areais
1
2. 5:::2 tz-zv2=2*(1++2) =2116(v2 + 1),

sox? =2116and AB = ¢ = 46.



2. Thelengths of the sides of a triangle with positive area are log;, 12, log;, 75, and
log,, n, where nis a positive integer. Find the number of possible values forn.

Solution:

The triangle inequality requireslogn < log 12 4+ log 75 = log 900 and log 12 +
logn > log 75,thatislogn > log 75 — log 12 = log %. (The third inequality is the
first one again.)

So 2745 < n < 900, whichforintegersmeans 7 < n < 899.Thatgives899 — 7+ 1 =
893 possible values of n.

3. Let Pbetheproduct of the first 100 positive odd integers. Find the largestinteger k
suchthat Pis divisible by 3.

Solution:

P=1-3-5---199,s0kisthe totalnumber of factors of 3 among the odd numbers
up to 199. The odd multiplesof 3are3 - 1,3 - 3,...,3 - 65, and there are 33 of them.
The odd multiplesof9are9 - 1,...,9 21 : 11 of them. The odd multiples of 27 are
27,81,135,189 :4 of them. The only odd multiple of 81 at most 199 is 81 itself, and
there are no multiples of 243.

Each layer contributes one additional factorof 3,sok = 33 + 11 +4 + 1 = 49.



4. Let(ai,as,as,...,a12)beapermutationof (1,2,3,...,12)forwhich
ar>as >a3>aq4 >a5 >ag and ag < ay <ag <ag <apg<ay<ap.

An example of such a permutationis (6, 5,4, 3,2,1,7,8,9,10,11,12). Find the
number of such permutations.

Solution:

The term ag is smaller than every other term of the permutation, soag = 1. Now
choose which five of the remaining 11 numbers occupy positions 1 through 5 : they
must appearin decreasing order, so theirarrangementis forced, and the other six
numbers must fill positions 7 through 12 inincreasing order, whichis also forced.

Every choice of the five numbers gives exactly one valid permutation, so the count is
(1)) = 462.



. Whenrolling a certain unfair six-sided die with faces numbered 1, 2, 3,4, 5, and 6, the

probabllltyofobtalnmgfaceFlsgreaterthan , the probability of obtaining the face
opp08|tefaceF|sIessthan theprobabllltyofobtalnlngeachoftheotherfaces|s
6,andthesumofthe numbersoneach palrofopp03|tefaces is 7. When two such
dice are rolled, the probability of obtaining a sum of 7 is 2L 288 Given that the probability
of obtaining face F'is E,where m andn are relatively prime positive integers, find

m + n.

Solution:

Let the probability of face F’ be + x, so the face opposite F' has probablhty = —
(the six probabilities must sum to 1). Since opposite faces sumto 7, atotal of 7 occurs
exactly when the two dice show a pair of opposite faces. Of the six ordered pairs that
sumto 7, four use only ordinary faces, and two pair F' withits opposite. Thus

47 1\’ 1 1 1 )
1 1

Since § = 288,‘chls gives 212 = = 555,50 = i.The probabilityoffaceFis% + i =
2,andm +n =5+ 24 = 29.



6. Square ABCD has sides of length 1. Points E and F are on BC and C D,
respectively, sothat AAEF is equilateral. A square with vertex B has sides that are

parallel to those of ABC'D and avertexon AE. The length of a side of this smaller

squareis “‘T\/I—),where a, b, and care positive integers and bis not divisible by the

square of any prime. Finda + b + c.

Solution:

Place A = (0,0),B = (1,0),C = (1,1), D = (0, 1). By the symmetry of the
equilateral triangle across diagonal AC,wehave BE = DF.Let BE = t,soCE =
CF =1—t.ThenAE? = 1+ t?and EF? = 2(1 — t)?, and setting them equal
givest? — 4t +1 = 0,s0t = 2 — v/3 (taking the root less than 1).

Thus E = (1, 2 — 1/3),andline AEisy = (2 — /3)z. If the smaller square has side
q, its vertex opposite Bis (1 — g, q),whichmustlieonline AFE :

_2-V3_ (2-v3)(B+v3) 3-8
3—-43 6 6
Soa=3,b=3,c=6,anda+b+ c=12.

g=2-v3)(1-q = ¢



7. Find the number of ordered pairs of positive integers (a, b) such thata + b = 1000
and neither a nor bhas a zero digit.

Solution:

There are 999 pairsinall(a = 1, ..., 999); count the forbidden ones. If a has units digit
0,sodoesb,andwritinga = 107,b = 10sgivesr 4+ s = 100with1 < r < 99 : that
is 99 forbidden pairs.

Now suppose both units digits are nonzero. Then a numberin the pair has a zero digit
exactly whenitis a three-digit number of the form hOuwith h,w € {1,...,9} (aone-
or two-digit number with nonzero units digit has no zero digit). If a = hQu, thenb =
1000 — a = 100(9 — k) + 90 + (10 — u) has tens digit 9, so bis not also of that
form. Hence the forbidden pairs here are those where exactly one of a, bequals hOu :
81 4+ 81 = 162 pairs.

The total number of forbidden pairsis 99 + 162 = 261, so the answeris 999 —
261 = 738.



8. Thereisanunlimited supply of congruent equilateral triangles made of colored paper.
Each triangleis a solid color with the same color on both sides of the paper. Alarge
equilateral triangle is constructed from four of these paper triangles as shown. Two
large triangles are considered distinguishable if itis not possible to place one onthe
other, using translations, rotations, and/orreflections, so that their corresponding
smalltriangles are of the same color. Given that there are six different colors of
triangles from which to choose, how many distinguishable large equilateral triangles
canbe constructed?

Solution:

The rotations and reflections of the large triangle realize every permutation of the
three corner triangles while fixing the center triangle. So two large triangles are
indistinguishable exactly when they have the same center color and the same multiset
of three corner colors.

Count the multisets of corner colors from six colors: all three the same (6 ways),
exactly two the same (6 - 5 = 30 ways, choosing the repeated colorand thenthe
different one), or all three different ((g) = 20 ways). Thatis6 + 30 4+ 20 = 56

multisets.

With 6 independent choices for the center color, the totalis 6 - 56 = 336.



9. CirclesCy,Cs,andCs have theircenters at (0, 0), (12, 0), and (24, 0), and have radii 1,
2,and 4, respectively. Line t; isacommoninternal tangent to C; and C; and has a
positive slope, and line t5 is a common internal tangent to Cy and C3 and has a negative
slope. Giventhatlines t; and t intersect at (z, y),and thatx = p — ¢+/r, wherep, q,
and r are positive integers and r is not divisible by the square of any prime, find p +
q—+r.

Solution:

Acommoninternal tangent meets the segment between the centers at the point
dividing it in the ratio of the radii. For C; and Cs that point is (4, 0), at distance 4 from
(0,0). If t; makes angle 8 with the z-axis, then sin § = %, sotanf = \% andtiis

15
y = \/%(:c — 4).ForCy and Cs the pointis (16, 0), at distance 4 from (12, 0); here
sinf = 2 = %,sotheslopeis—% andtyisy = —%(az — 16).

Setting the two expressions equal and multiplying by v 15 givesz — 4 = —V5 (x —
16),so0z(1 ++/5) = 4 + 164/5and

_ 4416v5 (44 16v5)(v5—1)

76 — 124/5
— — — 19 — 34/5.
1++/5 4 4

Thusp+q+7r=19+3+5 = 27.



10. Seventeams play a soccertournament in which each team plays every other team
exactly once. No ties occur, each team has a 50% chance of winning each game it
plays, and the outcomes of the games are independent. Ineach game, the winneris
awarded 1 point and the loser gets 0 points. The total points are accumulated to
decide the ranks of the teams. In the first game of the tournament, team A beats team

B.The probability that team A finishes with more points thanteam Bis 7, where m
and n are relatively prime positive integers. Find m + n.

Solution:

Teams A and B each have 5 games left, none against each other, so all 2° - 2° = 1024
outcomes are equally likely. Since A already leads by one point, A finishes with more
points exactly when A wins at least as many remaining games as B does.

The number of outcomes with equal win counts s

50

By symmetry, the other 1024 — 252 = 772 outcomes split evenly between A winning
more and B winning more.

So the probability is 22538 — 888 — 38 andm +n = 319 + 512 = 831.




11. Asequenceisdefinedasfollows:a; = ay, = ag = 1, and, forall positive integersn,
Ani3 = Gpio + Api1 + a,. Giventhat asg = 6090307, a09 = 11201821, and agg =
20603361, find the remainder when 22821 ay, is divided by 1000.

Solution:

LetS, = ay; + --- + a,.Weclaim2S§,, = a,,. 2 + a,,whichholdsforn = 1since
2 =1+ 1.Ifitholdsforn,then

2Sn+1 =25, + 2CLnJrl = an+2 + 2an+1 + an = an+3 + an+1

by the recurrence, completing the induction.

Therefore Spg = utaz — 2000336146090307 — 13346834, whose remainder upon

division by 1000 is 834.




12. Equilateral AABC isinscribed in a circle of radius 2. Extend A B through B to point D
sothat AD = 13, and extend AC through C to point E so that AE = 11. Through D,
draw aline ¢; parallelto AFE, and through E, draw aline /5 parallelto AD. Let F be the
intersection of £; and £5. Let G be the point on the circle that is collinear with A and F'
and distinct from A. Given that the area of ACBG can be expressedin the form pT\/&,
where p, g, and r are positive integers, pand r arerelatively prime, and g is not divisible

by the square of any prime, findp + q + r.

Solution:

By construction ADFFE is a parallelogramwith AD = 13, DF = AE = 11, and
/ADF = 180° — /DAE = 120°.Hence [ADF] = 1 . 13 - 115in120° = 143v3
and by the law of cosines,

AF? =132 +112 —2-13-11cos120° = 169 + 121 + 143 = 433.

Since G lies onthe circle, inscribed angles give ZGCB = ZGAB = ZF AD (both
subtendarc GB)and ZCBG = ZC AG (bothsubtendarc CG); and ZCAG =
Z/AFDbecause AE | DF.So ACBG ~ AAF D withratio $2.. The side of an
equilateral triangle inscribed in a circle of radius 2is BC' = 2+/3.

Therefore

2
CBG| = 2/3 143+/3 12 1434/3  4294/3
-\ /433 4 433 4 433

andp + q +r = 429 + 3 + 433 = 865.



13. How many integers N less than 1000 can be written as the sum of j consecutive
positive odd integers for exactly 5 valuesof j > 17

Solution:

The sum of the (k + 1)th through mth positive odd integersism? — k* = (m —
k)(m + k). Writinga = m — kandb = m + k, the representations of N
correspond exactly to the factorizations N = abwitha < banda, b of the same
parity (thenm = aTer, k= I’_Ta). Sowe need N to have exactly 5 such factorizations.

If N is odd, every divisor pair works, so N needs 9 or 10 divisors, i.e. N = p8, p°, p?q?,
or pg* with p, g distinct odd primes. Below 1000, p® and p? are impossible, p?q? gives
225 and 441, and pg* gives 3* - 5,3* - 7,3* - 11 : five odd values.

If N is even, both factors mustbe even,so N = 4M and the factorizations
correspond to divisor pairs of M, with no parity restriction; we need M < 250 with 9
or 10 divisors. With 9 divisors: 36, 100, 196, 225. With 10 divisors (pg*): 3 - 24,5 - 24,
7.2411-2%,13 24,2 3% Thatis4 + 6 = 10evenvalues, foratotalof 5 + 10 =
15.



14. Let S,, be the sum of the reciprocals of the nonzero digits of the integers from 1 to
10", inclusive. Find the smallest positive integern forwhich S, is aninteger.

Solution:

Write the integers from 0to 10™ — 1 as n-digit strings with leading zeros. Each of then
digit positions takes each digit value equally often, so each nonzero digit appearsn -
10"~ ! times. Adding the digit 1 of 10" itself,
1 1 7129
Spy=1+n-10"' 14+ 2+ -+ =) =1+ —~n-10""
n +n ( —|—2—|- —1-9) —|—2520n
Since ged(7129, 2520) = 1, the sumis aninteger exactly when 2520 | n - 10" . Now
2520 = 23 .32 .5 7,andforn > 4thefactor 10" ! supplies 23 - 5, leaving the
condition 63 | n (apower of 10 has no factorsof 3or 7). Forn = 1, 2, 3 the products
1,20, 300 are not multiples of 2520.

The smallest solutionis thereforen = 63.



156. Giventhatx, y,and z are real numbers that satisfy

1 1
x:¢¢—ﬁ+¢ﬁ—ﬁ’

1 1
_ 2 2 _
Y=V 795 25’

1 1
_ 2+ 2 _
FENT T35 VY T g

andthatz +y + z = ﬂn,wheremand n are positive integers, and n is not divisible

by the square of any prime, findm + n.

Solution:

Eachradical 4/ y? — 11—6 is the leg of aright triangle with hypotenuse y and otherleg i.

Sothefirstequationsays:inatriangle XY Zwithe =Y Z,y = ZX,z = XY, the
altitude from X haslength }l,and its foot splits Y Z into the two radical lengths. The
otherequations say the altitudes to sides y and z are % and %.

If K isthe area of this triangle, then K = % T - %lgivesw = 8K, andlikewisey =
10K and z = 12K.These are proportional to 8, 10, 12, and 8% 4 10? > 122, sothe
triangle is acute and the altitude feet do land inside the sides. Heron's formula with
s = 15K gives

K? =15K - 7K - 5K - 3K = 157T5K*,

2 _ 1 _ 1
so K —1575andK—15ﬁ.

Thenz +y+ 2z = 30K = %,som—l—n:2—i—7=9.
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