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1. Inquadrilateral ABC'D, /B is aright angle, diagonal AC'is perpendicularto CD,
AB = 18,BC = 21,and C'D = 14. Find the perimeterof ABC'D.

Solution:

Triangle ABC isright-angled at B, so AC? = 182 + 212 = 765. Triangle ACDis
right-angledat C,so DA% = AC? + CD? = 765 + 196 = 961, giving DA = 31.

The perimeteris 18 + 21 + 14 + 31 = 84.



2. Letset. Abea90-elementsubsetof {1,2,3,...,100},andlet S be the sum of the
elements of A. Find the number of possible values of S.

Solution:
The smallest possible sumis1 + 2 + - - - 4+ 90 = 4095, and thelargestis 11 + 12 +
-+ 4+ 100 = 4995.

Everyintegerin between also occurs. Suppose Ahassum S < 4994, andlet k be the
smallest element of Awithk + 1 ¢ A. If k were 100, then Awould be a block of
consecutive integers ending at 100, namely {11, ...,100}, whose sum exceeds
4994. So k # 100, and replacing k by k 4+ 1 produces a 90-element subset with sum
S+1.

Hence S takes every value from 4095 to 4995, for 4995 — 4095 + 1 = 901 possible
values.

3. Findtheleast positive integer suchthat whenits leftmost digitis deleted, the resulting
integeris % of the original integer.

v

Solution:

Let d be the leftmost digit and n the integer that remains after deletingit, so the
originalintegerisd - 10 + n for some positive integer p. The condition says d -
10 +n = 29n,sod - 10°P = 28n.

Since 7 | 28nbut 7 1 107, the digit d must be a multiple of 7,sod = 7.Then 10° = 4n,
givingn = 25 - 10P~2, whichrequiresp > 2. The smallestcaseisp = 2,n = 25.

The least suchintegeris 725, and indeed 725 = 29 - 25.



4. Let N bethenumberof consecutive 0's at the right end of the decimal representation
of the product 1! 2! 3!'4!...99!100!. Find the remainderwhen N is divided by 1000.

Solution:

Factors of 2 are plentiful, so IV is the exponent of 5 in the product. Each integer j with
1 < j <100 appears as afactorinexactly 101 — j of the factorials, namely j!, (5 +
1)!,...,100!.

Every multiple of 5 contributes one factor of 5 per appearance, and every multiple of
25 contributes one more. Overj = 5, 10, ..., 100 the appearances total 96 + 91 +
e+ 1= %97 = 970,andoverj = 25,50, 75,100 they total 76 + 51 + 26 + 1 =
154.

Hence N = 970 + 154 = 1124, and the remainder upon division by 1000 is 124.



5. Thenumber

\/ 104+/6 + 468+v/10 + 144v/15 + 2006

canbe writtenas av/2 + bv/3 + cx/g, where a, b, and c are positive integers. Find a -
b-c.

Solution:
Squaring a+/2 + by/3 + cv/5 gives
2a2 + 3b% + 5¢% + 2abv/6 + 2acyv/10 + 2bcy/15.
Matching coefficientsyields 2ab = 104, 2ac = 468, 2bc = 144, thatisab = 52,
ac = 234,bc = 72, along with 2a® 4 3b% + 5¢® = 20086.
Then (abc)? = (ab)(ac)(be) = 52 - 234 - 72 = 876096 = 936%,s0 abc = 936.As a
check,a =% =13,b= % =4 c= % =18 and2-169 +3-16 + 5- 324 =

C ac

338 + 48 4+ 1620 = 2006, as required.
Thereforea - b - ¢ = 936.



6. LetS bethesetof realnumbers that can be represented as repeating decimals of the
form 0.abcwhere a, b, c are distinct digits. Find the sum of the elements of S.

v
Solution:
Each element equals 0.abc = %190”*0, andthereare 10 -9 - 8 = 720 ordered
triples of distinct digits. By symmetry, each digit 0 through 9 appears in each of the

three positions exactly 71—200 = T2times.

The numerators therefore total 72(0 + 1 + - - - +9)(100 + 10 + 1) = 72 - 45 -

111 = 359640, so the sum of the elementsiis % = 360.



7. Anangleisdrawnonaset of equally spaced parallellines as shown. The ratio of the
area of shadedregion C to the area of shaded region B is L. Find the ratio of the area
of shadedregion D to the area of shaded region A.

I
A
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Solution:

Take the spacing between consecutive lines as the unit, and let x be the distance from
the vertex of the angle to the first line. The triangle cut off by the jth line is similar to
triangle A with ratio ”] L ,Soits areais proportional to (ac + 7 — 1)2, and the strip
betweenlines j and j —|— 1 has area proportionalto (z + j)? — (z +j — 1)* = 2z +
27 — 1.

Regions B, C, and D are the strips beginning at lines 2, 4, and 6, with areas

proportionalto 2z + 3,2z + 7, and 2z + 11.The givenratioyields 22 = L 5o

2713 5
10z + 35 = 22z + 33andx = 6’

Since Ahas area proport|ona|toa: therequestedratiois 2“11 = ‘;’%2 = 408.




8. Hexagon ABC' D EF isdividedinto five rhombuses, P, Q,R,S,and T, as shown.
Rhombuses P, Q,R,and S are congruent, and each has area 1/2006. Let K be the
area of rhombus 7. Given that K is a positive integer, find the number of possible

values for K.
F C
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Solution:

Since T shares a side with each of the other rhombuses, all five have the same side
length z. LetY be the vertexof T on E, andlet abethe angle of P atY .Theneach
congruent rhombus has area z2 sin a = 1/2006. The angles of P, T,and Q atY lie
alongtheline AB, and by symmetry Q's angle there also equals o, so T 's angle is
180° — 2. Hence

K = 2?sin(180° — 2a) = 2% sin 2a = 22% sin accos o = 21/2006 cos a.

As aranges over (0°,90°), the value cos o takes every value in (0, 1), so K takes
every valuein (O, \/8024) .Since 892 = 7921 < 8024 < 8100 = 90?, the possible
positive integervaluesare 1, 2, ..., 89 : there are 89 of them.



9. Thesequenceaq,as,...isgeometricwitha; = aandcommonratior,whereaandr
are positive integers. Given thatlogg a; + logg as + - - - 4 logg a;2 = 2006, find the
number of possible ordered pairs (a, 7).

Solution:

The sum of the logarithmsislogg(aias - - - a1z) = logg (alzrﬁﬁ) , 50 a6 = 82006 —

26018 \vhich gives a?r!!l = 21003,

Thusa andr are powers of 2 :writea = 2% andr = 2Y withintegersz,y > 0 and
2x + 11y = 1003. Since 2z isevenand 1003 is odd, y must be odd, sayy = 2k — 1
fork > 1.Thenx = 507 — 11k > Oexactlywhenk < |507/11] = 46.

Eachk = 1,2,...,46 gives one pair, so there are 46 ordered pairs (a, ).



10. Eight circles of diameter 1 are packed in the first quadrant of the coordinate plane as
shown. Let region R be the union of the eight circular regions. Line £, with slope 3,
divides R into two regions of equal area. Line £'s equation can be expressed in the
formaxz = by + c,where a, b, and c are positive integers whose greatest common
divisoris 1. Find a? + b% + c2.

Solution:

, L1 11 3 1 5 1 13 3 3
ngeglrclef h?ve radlusgi 5and centers at (5, 5) , (5, 5) , (5, 5) , (5,15) , (5, 5) ,
(5, 5) , (5, 5) ,and (5, 5) .The pair of circles tangentat A = (1, 5) is symmetric
about A, so any line through A bisects that pair's area; similarly for the pair tangent at

B = (%,2) .Theline AB has slope g/—;_/? = 3.

Line AB misses the remaining four circles entirely, and exactly two of them lie on each
side of it, so it divides R into two regions of equal area. Sliding a slope-3 line strictly
shifts area from one side to the other, so £ must be thisline.

ltsequationisy — 1 = 3(z — 1), thatis, 6z = 2y + 5. Withged(6,2,5) = 1, the
answerisa® + b + ¢ = 36 + 4 + 25 = 65.



1. Acollection of 8 cubes consists of one cube with edge-length k foreachinteger k,
1 < k < 8.Atoweristo be built using all 8 cubes according to the rules:

e Any cube may be the bottom cube in the tower.

» The cube immediately on top of a cube with edge-length k must have edge-length
atmostk + 2.

Let T be the number of different towers that can be constructed. What is the
remainder when T'is divided by 10007

Solution:

Let S(n) be the number of legal towers using the cubes of edge-lengths 1, . . . , n.
Givenalegaltowerofn > 2 cubes, cuben + 1 canbeinsertedin exactly three
places: at the bottom, immediately on top of cube n, orimmediately on top of cube
n — 1 (anywhere else it would rest on a cube of edge-length at most n — 2, violating
therule). Eachinsertion stays legal, because the cube that ends up on top of cube

n + 1 hasedge-lengthatmostn < (n + 1) 4 2. Conversely, deleting cuben + 1
from alegal tower of n + 1 cubesleaves alegal tower: the cube that was above it, of
edge-length at most n, lands on a cube of edge-length atleastn — 1.

Hence S(n + 1) = 35(n) forn > 2. Since S(2) = 2 (either of the two cubes may be
ontop),wegetT = S(8) = 2 - 35 = 1458, and the remainderis 458.



3

12. Find the sum of the values of & such that cos® 3z 4 cos? 5z = 8 cos?® 4z cos® =, where

xismeasuredindegreesand 100 < x < 200.

Solution:

By the product-to-sumidentity, 2 cos 4x cos x = cos bx + cos 3x, so theright side is
(cos 5z + cos 3zx)3. Settingy = cos 3x and z = cos 5z, the equation becomes y* +
2% = (y + z)3,andsince (y + 2)® — y> — 23 = 3yz(y + 2), itholds exactly when

cos 3x = 0, cos b = 0, or cos4x cosz = 0.

For100 < x < 200indegrees: cos 3x = 0 givesx = 150;cos bx = 0 givesx =
126,162,198; cos4dx = Ogivesx = 112.5,157.5;and cos x = 0 gives no solutionsin
the interval.

The sumis 150 + 126 + 162 + 198 + 112.5 + 157.5 = 906.



13. Foreach even positive integer x, let g(x) denote the greatest power of 2 that divides
x.Forexample, g(20) = 4and g(16) = 16. Foreach positive integern, let S,, =

n—1
Zi:l 9(2k). Find the greatestinteger n less than 1000 such that .S, is a perfect

square.
v
Solution:
S, is the sum of g overthe evennumbers 2, 4, . .., 2". Among these 2"~ numbers,

exactly 2" 1% are divisible by 2! but not 2! (so have g = 2¢)foreachl < i <n — 1,
and the single number 2™ has g = 2". Hence

n—1
Sp=> 20201 42" = (n—1)2" '+ 2" = (n+1)2" .
i=1

If nis even,thenn + 1is odd andthe exponentn — 1isodd, so S,, has an odd number
of factors of 2 and cannot be a perfect square. If nis odd, then 2" Lis already a
perfect square, so S, is a perfect square exactly whenn + 1is.

Foroddn,the numbern + 1iseven, and the greatest even perfect square at most
1000is 900 = 302. Thus the greatestvalidn < 1000isn = 899.



14. Atripod has three legs each of length 5 feet. When the tripod is set up, the angle
between any pair of legs is equal to the angle between any other pair, and the top of
the tripodis 4 feet from the ground. In setting up the tripod, the lower 1 foot of one leg
breaks off. Let h be the height in feet of the top of the tripod from the ground when
the broken tripodis set up. Then h can be writtenin the form %, where m andn are

positive integers and nis not divisible by the square of any prime. Find |m + /n].
(The notation | z | denotes the greatestinteger that s less than orequal to z.)

Solution:

PlacethetopatT = (0,0,4).Eachleghaslength 5, so each footis 3 from the origin:

A= (3,0,0),B = (—%, 37‘/§,O> ,C = (—g, —32ﬁ,0> . The broken leg has length

4,s0itstipis A’ = %(3, 0,0) + %(0,0,4) = (%,O, %) ,and the tripod now stands on
the plane A’ BC, with h equal to the distance from T to that plane.

The plane A’ BC contains B—C', which is parallel to the y-axis and passes through the
midpoint M = (—%, 0, O) , soits distance fromT' can be measuredinthe xz-plane: it

is the distance from (0, 4) to the line through (— g , 0) and (%, %) ,whose equationis
8x — 39z 4+ 12 = 0. Therefore

C8-0-39-4+12] 144
B V82 + 392 /1585

Herem = 144andn = 1585 = 5 - 317is squarefree. Since 39?2 = 1521 < 1585 <
1600, we get | 144 4+ /1585 | = 144 + 39 = 183.

h




15. Giventhat asequence satisfieszg = 0and |zy| = |z;_1 + 3|forallintegersk > 1,
find the minimum possible value of |z + @3 + - - - + @906

Solution:

Squaring the recurrence gives :Bi = (xp_1 + 3)2 = wifl + 6x;_1 + 9. Summing for
k = 1102007 telescopes:

2006
Thoor = Tg +6 Yz, +9 - 2007,
k=0

sowithzg = 0,

22, — 18063
. .

T1+ T2+ -+ T =

Induction shows each x, is a multiple of 3 whose parity matches that of k, so xagg7 is
an odd multiple of 3. To minimize ‘33%007 — 18063| , take the odd multiple of 3 whose
square is nearest 18063 : that is =135, with 135% = 18225, giving 222218083 — 27
(the neighbors 129 and 141 give 237 and 303).

This value is attained: take x;, = 3k fork < 45, and thereafteralternate x;, = —138
forevenkand x; = 135forodd k;then zsggy = 135 andthe sumis27. Sothe
minimum s 27.
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