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1. Agameuses adeck of n different cards, where nis anintegerandn > 6. The number
of possible sets of 6 cards that can be drawn from the deck is 6 times the number of
possible sets of 3 cards that canbe drawn. Find n.

Solution:
The condition says (Z) = 6(?) Dividing the binomial coefficients,

(5) _ (n=3)(n—4)(n—5)

B~ 54

:6’

so(n—3)(n—4)(n—5)=720=10-9-8.

Since the product (n — 3)(n — 4)(n — 5)isincreasinginn, the only solutionisn —
3 = 10, thatis,n = 13.



2. Ahotelpacked abreakfast foreach of three guests. Each breakfast should have
consisted of three types of rolls, one each of nut, cheese, and fruit rolls. The preparer
wrapped each of the ninerolls, and, once they were wrapped, the rolls were
indistinguishable from one another. She thenrandomly put threerollsinabag for each
of the guests. Given that the probability that each guest got one roll of each typeis % ,
where m and n are relatively prime positive integers, findm + n.

Solution:

Fillthe first guest's bag oneroll at atime. The first roll can be anything; the second
must avoid the 2 remaining rolls of the first roll's type, succeeding with probability g;
and the third must be one of the 3 rolls of the missing type among the remaining 7. So

the first bag has one roll of each type with probability g . % = %.

Given that, sixrolls remain, two of each type, and the same argumentgives‘g1 . % = %

forthe second bag. The third bagis then automatically one of each type. The

probabilityis 2% - 2 = &, som +n =9+ 70 = 79.



3. Aninfinite geometric series has sum 2005. A new series, obtained by squaring each
term of the original series, has sum 10 times the sum of the original series. The
commonratio of the original series is % , Wwhere m and n arerelatively prime positive
integers. Findm + n.

v
Solution:
Let the original series have first term a andratio r, so 13_7« = 2005. The squared series
is geometric with first term a? and ratio 2, so
a? a a
1—72 1—7r 1+7r = 2005 1+7r = 102005,

which gives 135 = 10.
Dividing the two equations, 172 = 2002 s02(1 + r) = 401(1 — r), giving 403r =

399 andr = %. Since3d99 =3 7-19and403 = 13 - 31, thefractionisinlowest

terms,andm + n = 399 + 403 = 802.

4. Find the number of positive integers that are divisors of at least one of 10, 157, 1811,

Solution:

From the factorizations 1010 = 210510 157 = 3757 and 18! = 211322, the divisor
countsarell - 11 = 121,8 -8 = 64,and 12 - 23 = 276.

The divisors common to two of the numbers are exactly the divisors of their gcd:
gcd (109, 157) = 57 has 8 divisors, gcd (1019, 18!1) = 21%has 11, and
ged(157,18!1) = 37 has 8. Only 1 divides all three numbers.

By inclusion-exclusion, the countis 121 4+ 64 + 276 — 8 — 11 — 8 + 1 = 435.



5. Determine the number of ordered pairs (a, b) of integers such thatlog,, b +
6log,a = 5,2 <a < 2005,and2 < b < 2005.

Solution:

Letxz = log, b. Sincelog, a = %,the equationbecomes x + g =5,ie.x? — bz +

6 =0,s0x = 2orz = 3.Thatmeansb = a’orb = a?.

Forb = a? < 2005weneed?2 < a < 44 (since 44> = 1936 and 452 = 2025), giving
43 pairs. Forb = a® < 2005weneed?2 < a < 12(since 123 = 1728 and 133 = 2197
), giving 11 pairs.

Intotal there are 43 + 11 = 54 ordered pairs.



6. Thecardsina stack of 2n cards are numbered consecutively from 1 through 2n from
top to bottom. The top n cards are removed, keptin order, and form pile A. The
remaining cards form pile B. The cards are now restacked into a single stack by taking
cards alternately from the tops of pile B and pile A, respectively. Inthis process, card
number (n + 1) is the bottom card of the new stack, card number 1 is on top of this
card, and so on, until piles A and B are exhausted. If, after the restacking process, at
least one card from each pile occupies the same position that it occupiedin the
original stack, the stackis called magical. For example, eight cards form a magical
stack because cards number 3 and number 6 retain their original positions. Find the
number of cards in the magical stack in which card number 131 retains its original

position.
v
Solution:
The new stack, read fromthe bottomup,isn +1, 1, n+ 2, 2, ..., 2n, n.Sopile

B's cards occupy the even positions from the top in reverse order, and pile A's cards
occupy the odd positions in reverse order: a card at original position? < n (pile A)
moves to position 2(n — i) + 1, while a card at positioni > n (pile B) moves to
position2(2n — i) + 2.

Since 131is odd, card 131 can keep its position only if it comes from pile A, s0 131 =
2(n — 131) + 1, which givesn = 196.Indeed 131 < 196, and the stack is magical
because card 262 from pile B also stays fixed: 2(2n — 262) + 2 = 262. The stack has
2n = 392 cards.



7. Let

4
(VE+ D)W+ 1)(VE+1)(VE+1)

Find (x + 1)%.

Solution:

Lety = \/5. Multiplying the numerator and denominatorby y — 1 telescopesthe
denominator by repeated difference of squares:

. 4y — 1) :4(y—1):4(y—1):y_1.

@F+DE+ D+ D+ Dy -1)  yo-1 4
Hencez + 1 =y = 516 and (z + 1)*® = 548/16 — 53 = 125,




8.

Circles C1 and C, are externally tangent, and they are bothinternally tangent to circle
Cs.Theradiiof C; and Cy are 4 and 10, respectively, and the centers of the three circles

are all collinear. Achord of C3 is also a common external tangent of C; and Cs. Given

that the length of the chordis mT‘/ﬁ ,where m, n,and p are positive integers, mand p

are relatively prime, and nis not divisible by the square of any prime, find m + n + p.

Solution:

Let P;, P, P3 be the centers of the circles and R the radius of C3. External tangency

gives P1 P, = 4 4+ 10 = 14, andinternaltangency gives P3P = R — 4and P3 P> =
R — 10. Since the centers are collinear, (R — 4) + (R — 10) = 14,so R = 14 and

P;lieson Py P, with P3P, = 10and P3P, = 4.

Drop perpendiculars P, X, P,Y , P3Z tothechord,so P, X = 4, P,Y = 10,and Z is
the midpoint of the chord. The distance from a point moving along line P; P to the
tangentline changeslinearly, and Ps is % of the way from P; to P», so

10 58

P.Z =4+ — (10— 4) = 2.
3 +14( ) 7

2 /9604—3364 /390
The half-chordis 4/ 142 — (%) = 96047 3362 _ 4 ;’90,sothe chordhaslength

—8@. Since390 = 2 -3 - 5 - 13issquarefree and gcd(8, 7) = 1, the answerism +
n+p=8-+390 +7 = 405.




9. Forhow many positive integers n less than orequalto 1000 is
(sint + i cost)"” = sinnt + i cos nt

true forallreal t?

Solution:

Sincesint 4 icost = i(cost — isint) andsinnt + i cos nt = i(cos nt — i sinnt),
de Moivre's theorem (applied to angle —t) gives

(sint 4+ icost)” =i"(cost —isint)" = i"(cosnt — isinnt).

So the equation holds for allreal t exactly when ¢™ = 4, thatis,whenn = 1 (mod 4).
Thevaluesn = 1,5,9,...,997 give exactly 250 positive integers up to 1000.



10. Giventhat QO is aregular octahedron, that C is the cube whose vertices are the centers
of the faces of O, and that the ratio of the volume of O to that of Cis *, where m and
n are relatively prime positive integers, findm + n.

Solution:

Place the octahedron'svertices at (+1, 0, 0), (0, =1, 0), (0, 0, 1). It is two square
pyramids glued along the square with vertices (+1, 0, 0) and (0, +1, 0), which has
area 2, and each pyramid has height 1, so

Each face centroidis the average of that face's three vertices, e.g. (%, %, %) ,Sothe

- 1 41 41 2 - 8
cube has vertices (:|:§, +3, :|:§) .Itsedgeis § anditsvolumeis 5.

Theratioisgél/—/;’7 =3,som+n=9+2=11



11. Letm be apositiveinteger,andletag,aq,. .., a, beasequence of realnumbers such
thatay = 37,a1 = 72,a,, = 0,and
3
Ak+1 = Q-1 — ——
ag

fork=1,2,...,m — 1.Findm.

Solution:

Multiplying the recurrence by ay, gives ay 1ar = arax_1 — 3,sothe products by =
axay_1 form an arithmetic sequence with common difference —3. Sinceb; = 72 -
37 = 2664 = 3 - 888, we get

by = 2664 — 3(k — 1) = 3(889 — k).

Thus b, > Ofork < 888, sono term before aggg canvanish (and the recurrence never

divides by zero), while bggg = asgggasss = 0 withagss # 0. Hence aggg = 0,andm =
889.



12. Square ABCD has centerO, AB = 900, E and F areon ABwith AE < BF and E
between Aand F,m/EOF = 45° and EF = 400. Giventhat BF' = p + q4/r,
where p, g, and r are positive integers and r is not divisible by the square of any prime,

findp +q+ .

Solution:

Let G be the midpoint of AB,so OG L. ABand OG = 450. Witha = ZEOG and
B = ZFOG oneitherside of ray OG,we have EG = 450 tan a, FG = 450 tan S3,
anda + 8 = 45°.From EG + FG = EF = 400,wegettana + tan 8 = %.

The tangent addition formula gives

tan a + tan 3

1 = tan45° =
an 1 —tanatanp’

sotanatanf =1 — % = %. Hence tan o and tan 3 are the roots of 9t — 8t +

4+7
9 -

Since AE = 450 — EG and BF' = 450 — FG, the condition AE < BF means
EG > FG,sotan = YT Then BF = 450 — 450 - =T = 250 4 501/7, and
p+q+7r=250+50+7=307.

1 = 0,namely



13. Let P(x) be a polynomial with integer coefficients that satisfies P(17) = 10and
P(24) = 17. Given that the equation P(n) = n + 3 has two distinct integer solutions
n1 and ne, find the productn; - no.

Solution:
Let S(z) = P(z) —z — 3,50 5(17) = S(24) = —10. Since S(z) + 10 hasinteger
coefficients and vanishes at 17 and 24,

S(z) =—-10+ (z — 17)(z — 24)Q(x)

for some polynomial Q with integer coefficients.

If P(n) = n + 3foranintegern,then(n — 17)(n — 24)Q(n) = 10,so0 (n —

17)(n — 24) divides 10. The factorsn — 17 andn — 24 are integers differing by 7
whose product divides 10, so they are {2, —5} or {5, —2}, givingn = 19andn = 22.
Both occur, forexample, forP(z) =z — 7 — (z — 17)(x — 24).

Henceni - ny = 1922 = 418.



14. Intriangle ABC, AB = 13, BC = 15,and C A = 14.Point D is on BC withCD =
6. Point Eison BC suchthat /BAE =~ /CAD. Giventhat BE = 2, wherepandg

arerelatively prime positive integers, find q.

Solution:

A cevian AD splits the opposite side in the ratio

BD [ABD] 1AB-ADsin/BAD  ABsin/BAD

DC [ACD] 1AC-ADsin/CAD ACsin/CAD’

. BE __ ABsin /BAE
andsimilarly 25 = 4322559 % -
Since /BAE = ZCAD,wealsohave /BAD = /CAEF (eachisthat common
angle plus ZE A D), so multiplying the two ratios cancels all the sines: g—g . % =

‘j—gz.With BD =9,DC = 6,AB = 13,and AC = 14, this gives

BE 132 6 169

EC 142 9 294’
Hence BE =15 - 16;?;94 = 2456335.Since 463 is prime and does not divide 2535 = 3 -
5 - 132, the fractionis in lowest terms, and ¢ = 463.




15. Letw; and wy denote the circles 2% + y? + 10z — 24y — 87 = 0and z? + y? —
10x — 24y + 153 = 0, respectively. Let m be the smallest positive value of a for
which theline y = ax contains the center of a circle thatis internally tangent to w; and
externally tangent to ws. Given that m? = %,wherep and q are relatively prime
positive integers, findp + q.

Solution:

Completing the square givesw; : (z + 5)? + (y — 12)? = 256 andws: (¢ — 5)? +
(y — 12)? = 16, withcenters F; = (—5,12)and F;, = (5,12) andradii16and 4. Ifa
circle with center P andradius r is internally tangent to w; and externally tangent to
wy,then PF} = 16 — rand PFy = 4 + r,so PF| + PF, = 20.

Thus P lies on the ellipse with foci F} and F5 and major axis 20 : the semimajor axis is
10, the center-to-focus distance is 5, so the semiminor axis squaredis 100 — 25 =
75, giving

2  19)\2
x N (y — 12) _1
100 75

i.e. 322 + 4y? — 96y + 576 = 300. Substitutingy = ax yields (3 + 4a?)z? —
96ax + 276 = 0.

Theliney = ax contains such a center exactly when this quadratic has arealroot, i.e.
(96a)® — 4 - 276 (3 + 4a®) > 0, whichsimplifies to 4800a* > 3312,s0a® > 2.
The smallest positive suchahasm? = %, andp +q = 69 4+ 100 = 169.
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