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1. Giventhat
(1) xz and y are bothintegers between 100 and 999, inclusive;
(2) y is the number formed by reversing the digits of ; and
Bz =z —y|

How many distinct values of z are possible?

Solution:
Write x = 100h + 10t + wwith digits h, t, u. Theny = 100u + 10t + h, so
z=|z—y|=99|h —u|

Since both x and y are three-digit numbers, both hand urunfrom1t0 9, so |h — u|
canbeanyof(,1,...,8.Eachchoice gives a different multiple of 99, so there are 9
distinct values of z.



2. Three of the vertices of acube are P = (7,12,10),Q = (8,8,1),and R =
(11, 3,9). What s the surface area of the cube?

Solution:

Compute the squared distances: PQ? = 12 442 + 92 = 98, QR? = 32 + 5% +
82 = 98,and RP? = 42 + 9% + 12 = 98.S0 P, Q, and R form an equilateral triangle
with side v/98 = 74/2.

Three mutually equidistant vertices of a cube must be joined by face diagonals, and a
face diagonal of a cube with edge s has length $v/2.Thus s = 7,and the surface area
is6 - 72 = 294.

3. ltisgiventhatlogg a + logg b + logg ¢ = 6, where a, b, and c are positive integers that
form anincreasing geometric sequence and b — ais the square of aninteger. Find
a+b+c.

Solution:

Adding the logs gives logg(abc) = 6,s0 abc = 6°.Inageometric sequence ac = b?,
henceb® = 6%, s0b = 36andac = 362 = 1296.

Since the sequenceisincreasing, b — ais a positive perfect square,soa = 36 — k?
forsomek = 1,...,5,giving candidates 35, 32, 27, 20, 11. Also a must divide
1296 = 2% . 3%, and of the candidates only 27 does, with ¢ = 1296 /27 = 48.

Indeed 27, 36, 48 is geometric with ratio %, anda +b+c =27+ 36 + 48 = 111.



4. Patioblocks that are regularhexagons 1 unit on a side are used to outline a garden by
placing the blocks edge to edge withn on each side. The diagram indicates the path
of blocks around the gardenwhenn = 5.

If n = 202, thenthe area of the garden enclosed by the path, notincluding the path
itself,ism (\/3/2) square units, where m s a positive integer. Find the remainder
whenm is divided by 1000.

Solution:

The garden enclosed by the pathisitself a hexagonal arrangement of unit hexagons
withn — 1 oneachside. Counting from the center outwardinringsof 6,12, . ..

hexagons, it contains
1464+124+---+6(n—2)=1+3(n—2)(n—1)

blocks, whichforn = 202is1 + 3 - 200 - 201 = 120601.

Each unit hexagon consists of 6 equilateral triangles of side 1, soits areais 6 - ? =

3 - @.The garden's areais therefore 3 - 120601 = 361803 times ?,som =
361803, and the remainder upon division by 1000 is 803.



5. Findthe sum of all positive integersa = 2"3™, where n.and m are non-negative
integers, for which a® is not a divisor of 6¢.

Solution:
Witha = 273™,

6 203

E T 26ng6m
which fails to be aninteger exactly when6n > aor6m > a.

lfm,n > 1,thena > 3 - 2" > 6n(since 2" > 2n)andsimilarlya > 2 - 3™ > 6m,so
no suchaworks. If m = 0, the conditionis 2" < 6n,whichholdsforn =1, 2, 3,4,
givinga = 2,4, 8,16.If n = 0, the conditionis 3™ < 6m,whichholdsform =1, 2,
givinga = 3, 9. (Fora = 1the conditionfails.)

Thesumis2 +4+8 +16 +3 + 9 = 42.



6. Findtheintegerthatisclosestto

1

1000 E .
2 _

—~n 4

Solution:
Since o1~ =1 (-5 — Tﬁ) , the sum telescopes:
10000
1 1 1 1 1 1 1 1
1000 =25011+=-+-=-+-— — — — .
nzzg n2 —4 ( + 2 + 3 + 4 9999 10000 10001 10002)

The front partis 250 - % = 520.83, and the four tail terms subtract only about 250 -

ﬁ = 0.1.Thevalueis therefore about 520.73, so the closest integeris 521.



7. lItisknownthat, forall positive integers k,

k(k +1)(2k + 1)

12 +2°4+3% 4+ +k* = :

Find the smallest positive integer k suchthat 12 + 22 + 32 + . . . ++ k% is amultiple of
200.

Solution:

The sumis a multiple of 200 exactly when k(k + 1)(2k + 1) is amultiple of 1200 =
24 .3 . 52. The factor 3always divides k(k + 1)(2k + 1) (ifk = 1 (mod 3),then3 |
2k + 1), so only 2% and 52 matter.

Since 2k + lisoddand k, k + 1 cannotboth be even, 16 must divide kork + 1, so

k =0o0r15 (mod 16). Similarly 25 must divide one of k, k + 1,2k + 1, givingk = 0,
24,0r12 (mod 25). Combining each pair of congruences modulo 400, the smallest
positive solutions are 112,175, 224,287, 399, and 400.

Theleastisk = 112 :indeed 112 - 113 - 225 = (16 - 7) - 113 - (9 - 25) isamultiple of
1200.



8. Findtheleast positive integer k for which the equation L

%J = khasnointeger

solutions for n. (The notation | z | means the greatestinteger less than or equal to x.)

Solution:

The value k is attained exactly when some integern satisfies k < % < k + 1,that
is, when the interval (%, 2(%} contains aninteger. Itslengthis %,which isat

least 1 wheneverk(k + 1) < 2002 —soevery k < 44 is attained.
Forlarger k, check directly:n = 44, 43,42, 41, 40 give L%J = 45,46,47,48, 50.

Since % ~ 48.8 and %82 > 50, the value 49 is never attained, so the least such k is
49.
LetSbetheset{1,2,3,...,10}.Letnbe the number of sets of two non-empty

disjoint subsets of S. (Disjoint sets are defined as sets that have no common
elements.) Find the remainder obtained when nis divided by 1000.

Solution:

Count ordered pairs (A, B) of disjoint subsets first: each of the 10 elements goesin
A, in B, orinneither, for 319 pairs. Among these, 219 have A empty and 2'° have B
empty, with the pair (&, &) counted in both, so

310 _92.2%0 4 1 =57002

ordered pairs have both subsets non-empty.

Disjoint non-empty subsets are never equal, so each set { A, B} is counted twice,
givingn = 2708 = 28501. The remainder mod 1000is 501.



10. While finding the sine of a certain angle, an absent-minded professor failed to notice
that his calculatorwas not in the correct angular mode. He was lucky to get the right
answer. The two least positive real values of « for which the sine of x degreesis the
same as the sine of z radians are -*"- and qpf ,Wwherem, n, p,and q are positive
integers.Findm +n + p +gq.

Solution:

Anangle of x degreesis ¢4 180 radians, so we need sin ¢4 180 = sin x. Two angles have
equal sines exactly when they differ by a multiple of 27t or sum to 7 plus a multiple of
2.

The firstcase givesz — 22 = 2mj,sox = 20T with least positive value 23T ~
1802k + 1) L
6.4.The secondgivesx + g5 = (2k + 1)m,soz = %ﬂ,wnhleast positive

value 1%%% ~ 3.1.These are the two smallest solutions.

Matching %= and p” — givesm = 360,n = 180,p = 180,q9 = 180,som +n +
p+q= 900.



11. Two distinct, real, infinite geometric series each have a sum of 1 and have the same
second term. The third term of one of the seriesis %, and the second term of both
series can be writtenin the form @ ,where m, n,and p are positive integersand m

is not divisible by the square of any prime. Find 100m + 10n + p.

Solution:

A geometric series withratior and sum 1 has firstterm 1 — r, soits second termis
r(1 — r).Ifthe tworatios arer and s, thenr(1 — r) = s(1 — s) givesr — s = 72 —

s2, and since the series are distinct, r =+ s,forcings =1 —r.

Say the series withratio 7 has third termr?(1 — ) = %,i.e.87° — 8r® +1 = 0.
Substitutingt = 2r givest® — 2t> + 1 = (t — 1)(t* —t — 1) = 0.Theroott = 1
makesr = s = %(the series would coincide), andr = %ﬁ forcesss=1—r>1,

which diverges. Sor = #.

The commonsecondtermis
7,(1_7')_1+\/5 3—-v5 2v5-2 +5-1
4 4 16 8
som=9,n=1,p=_8,and100m + 10n + p = 518.




12. Abasketball player has a constant probability of .4 of making any given shot,
independent of previous shots. Let a,, be the ratio of shots made to shots attempted
aftern shots. The probability thata;g = .4anda,, < .4forallnsuchthatl < n <9is
givento be p?q®r/ (5°) ,wherep, q,,and s are primes, and a, b, and c are positive
integers.Find (p + ¢+ 7+ s)(a+b+c).

Solution:

Record the player's progress as a path through points (n, y), where y is the number of
shots made aftern attempts. The conditiona,, < .4capsyat|0.4n],whichforn =
1,...,9is0,0,1,1,2,2,2,3,3,andaip = .4 means the pathends at (10, 4).

Count the allowed paths by adding, at each point, the counts of its two predecessors
(amiss keeps y, a make raises it by 1). The counts at the maximum allowed heights for

n=23,...,9comeouttol1,2,2,5,9,9,23, and the tenth shot must be a make, so 23
shot sequences qualify. Each consists of 4 makes and 6 misses, so the probability is

2436.23
1 (2) () = 2202

Thus {p, q, 7, s} = {2, 3,23,5}and (a, b, c) = (4,6,10),giving (2 + 3 + 23 +
5)(4 + 6 + 10) = 33 - 20 = 660.



13. Intriangle ABC, point Dis on BC withCD = 2and DB = 5, point E is on AC with
CE =1and FA = 3,AB = 8,and AD and BF intersect at P. Points Q and R lie
onAB so thatmis parallelto CA and PRis parallel to CB. Itis given that the ratio of
the area of triangle PQ R to the area of triangle ABC'ism /n,where m andn are

relatively prime positive integers. Findm + n.

Solution:

Assignmasses5at A, 6at B,and 15at C. Then E balances AC(5-3 = 15-1)and D
balances BC (6 - 5 = 15 - 2), so the cevians AD and BE meet at the center of mass

P, of total mass 26. Extending CP tomeet AB at F', themass at Flis5 + 6 = 11, so

onsegment CFwegetCP : PF = 11 : 15, thatis, % = %.

The homothety centered at F' withratio ;—2 sends C'to P and mapsline AB toitself; it
carries line C' A to the parallel line through P — whichisline PQ) — andline CB toline
PR.Henceitmaps triangle C AB onto triangle PQR, and

[PQR]  (15\° 225
[ABC] (%) 676

Since gcd(225,676) = 1,the answerism + n = 225 + 676 = 901.



14. The perimeter of triangle APM is 152, and angle P AM is aright angle. A circle of
radius 19 with center O on AP is drawn so that itis tangent to AM and PM. Given
that OP = m/n,where m and n are relatively prime positive integers, ind m + n.

Solution:

Let T be the point where the circle touches PM. Since AM | AP and Olieson AP
atdistance 19 fromline AM , the circleis tangentto AM at A itself, so the two
tangents from M give MT' = M A. Right triangles POT and PM A (right anglesat T’

and A) share angle P, so they are similar with ratio A = A

The small triangle's perimeteris PO + OT + TP = (PA —19) + 19+ TP =
PA + PT',andsince MT = MA,

PA+ PT = PA+ PM — MT = 152 — 2 M A.

Perimeters of similar triangles are in the ratio of similarity, so A}ﬁ‘l = 1521,?2]”“4,whi<:h

simplifiesto M A2 — 76 M A + 1444 = (M A — 38)? = 0.Thus M A = 38.

The ratio of similarity is then % = %,soPO = %PM. Fromthe perimeter, PA +

PM =152 — 38 = 114,and PA = PO + 19, s0 %PM—I— 19 + PM = 114, giving
PM = 82andOP = £.Hencem +n = 95 + 3 = 98.




15. Circles C; and Cy intersect at two points, one of whichis (9, 6), and the product of
theirradiiis 68. The z-axis and the liney = mx, wherem > 0, are tangentto both
circles. Itis giventhat m can be writteninthe form a\ﬁ)/c, wherea, b, and care
positive integers, bis not divisible by the square of any prime, and a and c are relatively
prime.Finda + b + c.

Solution:

Both circles are tangent to the x-axisand toy = mx, so both centerslie onthe
bisector of the first-quadrant angle between those lines. If the bisector makes angle
a with the z-axis, thenm = tan 2a, and each center has the form (z;, x; tan ) with

radiusr; = x; tan o (its distance to the x-axis).

Since (9, 6) liesoneachcircle, (9 — x;)? + (6 — x; tan a)® = x? tan? o, which
expandsto

z? — (18 + 12tana) z; + 117 = 0.

Both x1 and x5 satisfy this one quadratic, so by Vieta's formulas x1x9 = 117. Then

rire = z122 tan® o = 117 tan® o = 68,sotan’ o = 161_87 andtana = %
Finally,
2tan o 2tana 234 2v17  156v17 124221
m = = — —

T 1—tan’a 49/117 49 313  49v13 49
soa+b+c=12+ 221 + 49 = 282.
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