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1. Let N bethelargest positive integer with the following property: reading from left to
right, each pair of consecutive digits of IV forms a perfect square. What are the
leftmost three digits of INV?

Solution:

Each pair of consecutive digits must be one of the two-digit squares 16, 25, 36, 49,
64, 81. So each digit determinesits successoruniquely if one exists: 1 — 6,2 — 5,
3—+6,4— 9,6 — 4,8 — 1,while5and9endthenumber.

Following these chains from each possible starting digit, the longest strings are 25,
3649, and 81649. The five-digitchain8 — 1 — 6 — 4 — 9beats everything else, so
N = 81649, whose leftmost three digits are 816.



2. Eachof the 2001 students at a high school studies either Spanish or French, and some
study both. The numberwho study Spanishis between 80 percent and 85 percent of
the school population, and the numberwho study Frenchis between 30 percent and
40 percent. Let m be the smallest number of students who could study both
languages, and let M be the largest number of students who could study both
languages. Find M — m.

Solution:

Let s and f be the numbers of students studying Spanish and French. Since every

student studies at least one language, the number studying bothis s + f — 2001. The
bounds 1600.8 < s < 1700.85force 1601 < s < 1700,and 600.3 < f < 800.4
force 601 < f < 800.

The overlap is smallestwhen s + fis smallest, givingm = 1601 4+ 601 — 2001 =
201, andlargestwhen s 4 fislargest, giving M = 1700 4 800 — 2001 = 499. Both
extremes are achievable,so M — m = 499 — 201 = 298.



3.

Giventhatxy = 211,y = 375,23 = 420,24 = 523, and
Ty =%p_1— Tpo+ Tp_3 — Tp_g4 Whenn > 5,

find the value of 531 + T753 + Tg75.

Solution:

Forn > 6, substitute therecurrence forx,,_1 :
Ln = (mn—2 — Tp-3 + Tp—ag — CEn—5) — Tp-2 + Tp-3 — Tp—g4 = —Tp_5.

Hencex, 119 = —Tni5 = T,,S0the sequence has period 10.

Since 531, 753,and 975 leave remainders 1, 3, and 5 upon division by 10, we get
Ir531 — 1 — 211,:13753 = I3 = 420,and L9775 = X5 = T4 — L3+ T2 — 1 = 523 —
420 + 375 — 211 = 267.

Thesumis 211 + 420 + 267 = 898.



4. LetR = (8,6).Thelineswhose equations are 8y = 15z and 10y = 3z contain points
P and Q, respectively, such that Ris the midpoint of PQ. The length PQ equals o,
where m and n are relatively prime positive integers. Find m + n.

Solution:

Points on the two lines can be written P = (8¢, 15¢) and Q = (10u, 3u). Since R =
(8, 6) is the midpoint of PQ,

8t + 10u = 16 and 15t + 3u = 12.

The second equation givesu = 4 — 5t; substitutinginto the first, 8t + 40 — 50t =

16,s0t = sandu = 2. Thus P = (2, %) and@Q = (£, %).

Then PQ = \/(478)2 +(8) = 2y/47 137 — 9 som 4+n = 60+7 = 67.




5. Asetof positive numbers has the triangle propertyif it has three distinct elements that
are the lengths of the sides of a triangle whose areais positive. Consider sets
{4,5,6,...,n}of consecutive positive integers, all of whose ten-element subsets
have the triangle property. What is the largest possible value of n?

Solution:

Suppose aten-elementset {a; < ay < --- < ajg}hasnotriangle. Then every three
elements fail the strict triangle inequality; in particulara; .o > a; 1 + a; foreachz.
Startingfroma; > 4anday > 5,thisforcesag > 9,a4 > 14,a5 > 23,a¢ > 37,

ary > 60,a3 > 97,a9 > 157,and a9 > 254.

Soifn < 253,noten-element subset of {4, 5, ..., n} canavoid triangles, since its

largest element would have to be at least 254. Conversely, taking equality throughout,
the subset{4,5,9,14,23,37,60,97,157,254} of {4, 5, . .., 254} has no triangle.

Therefore the largest possible valueisn = 253.



6. Square ABC Disinscribedin a circle. Square EFGH has vertices E and F onCD
andvertices GG and H on the circle. Theratio of the area of square EFG H to the area
of square ABC' D canbe expressed as %, where m and n are relatively prime positive
integersandm < n.Find 10n + m.

Solution:

A B

Center the circle at the origin and let ABC'D have side s, so the circle is £2 4 y2 = 3—22
andside C'D liesontheliney = 3.The smallsquare sits on C'D, outside ABCD : if
its sideis t, then by symmetry G = (%, % + t) , which must lie on the circle.

2
Substituting, & + (5 +1)° = &, whichexpands to 5t2 + 4st — s = 0, or (5t —

s)(t +s) = 0.Sincet > 0,wegett = £.

Theratio of areasis 2—2 = %,som =1,n = 25,and10n + m = 251.



7. Let APQRbearight triangle with PQQ = 90, PR = 120,and QR = 150. Let C] be
the inscribed circle. Construct ST, with S on PR and T on QR, such that ST is
perpendicularto PR and tangent to C;. Construct UV withU onmand vV on@
suchthat UV is perpendicularto@and tangent to (. Let C; be the inscribed circle
of ARST and C theinscribed circle of AQUV . The distance between the centers
of Cy and C5 can be written as 1/10n. Whatis n?

Solution:

Therightangleis at P,soplace P = (0,0),Q = (0,90), R = (120, 0). The inradius
90+120-150 __
2

of aright triangle is half the sum of the legs minus the hypotenuse: r; =
30, so C has center (30, 30). The tangent line to C perpendicularto PR (on the side

toward R)is = 60, and the tangent perpendicular to PQ (toward Q)isy = 60.
Triangle RST'is similar to triangle R PQ) withratio ﬁ—g = 16—200 = %,so itsinradiusis 15
anditsincircle Cy is centered at (60 + 15, 15) = (75, 15). Triangle QU'V is similar to
triangle Q PR withratio 8—% = % = %, soitsinradiusis 10 and C5 is centered at
(10,60 + 10) = (10, 70).

The squared distance is 652 + 552 = 4225 + 3025 = 7250 = 10 - 725,s0n = 725.



8. Acertainfunction f hasthe properties that f(3z) = 3f(x) forall positive real values
of z,andthat f(z) = 1 — |x — 2|for1 < x < 3.Find the smallest x for which

f(z) = f(2001).

Solution:

Applying f(3z) = 3f(z) sixtimes gives £(2001) = 36 f (24}) ,and 23 liesin[1, 3],
so

£(2001) = 729 (1 — |2 — 2|) = 729 — |2001 — 1458| = 729 — 543 = 186.

Forz € [3%,3" 1], wehave f(z) = 3*f (&) = 3" (1 — | & — 2|) ,atentwhose
maximum value is 3*. To achieve 186 we need 3 > 186, sok > 5, and the smallest

solutions liein [243, 729], where f(z) = 243 — |z — 486|.

Setting 243 — |x — 486| = 186 gives |z — 486| = 57,sox = 429 orx = 543.The
smallest z is 429.



9. Eachunit square of a 3-by-3 unit-square gridis to be colored either blue orred. For
each square, either coloris equally likely to be used. The probability of obtaining a grid
that does not have a 2-by-2red squareis 7, where m and n are relatively prime
positive integers. Findm + n.

Solution:

Compute the probability that the grid does contain an all-red 2-by-2 block by
inclusion-exclusion over the four possible positions. One block forces 4 cells; two
blocks sharing an edge force 6 cells (4 such pairs), while the two diagonal pairs force
7; any three blocks force 8 cells, and all four force all 9.

Each configuration of forced red cells has probability (%) cells , SO the probability of at
least oneredblockis
1 1 1 1 1 128 -40+8 -1 95

( ) T4y N 3 B

= 4= 49. —
16 64+ 128

4 .
56 512 512 512

The desired probabilityis 1 — 5% = %,and 417 = 3 - 139iscoprimeto 512, so

m+n =417 + 512 = 929.



10. How many positive integer multiples of 1001 can be expressed in the form 109 — 10°,
whereiand j areintegersand 0 < i < 7 < 997

Solution:

Factor 10/ — 10° = 10°(10°~* — 1). Since 1001 = 7 - 11 - 13is coprime to 10, we
need 1001 | 10°~¢ — 1. The multiplicative order of 10is 6 modulo 7,2 modulo 11, and
6 modulo 13, so 10F =1 (mod 1001) exactly when k is a multiple of 6. Distinct pairs
(4, ) give distinct values, so we just count the pairs.

Forj —i = 6dwithl < d < 16,theindexicanbe0,1,...,99 — 6d, giving 100 —
6d choices. The total is

16

D (100 — 6d) =94+ 88 + -+ +4 =
d=1

(94 +4) - 16
2

= 784.



11. ClubTruncatorisinasoccerleague with six otherteams, each of whichit plays once. In
any of its 6 matches, the probabilities that Club Truncator will win, lose, or tie are each
%. The probability that Club Truncator will finish the season with more wins than losses
IS %, where m and n are relatively prime positive integers. Find m + n.

Solution:

Swapping wins and losses is a probability-preserving symmetry, so the probability P

of more wins than losses equals the probability of more losses than wins, giving P =

1_2p° , Where pg is the probability of equally many wins and losses.

An outcome with k wins, k losses, and 6 — 2k ties canbe arranged in W!_%)! ways:
1,30,90,20fork = 0, 1, 2, 3, totaling 141. Each of the 3 = 729 outcome

sequencesis equally likely, sopy = % = %.
_ 1 47\ _ 98 _ _
Therefore P = 5 (1 — m) = 5i5,andm +n = 98 + 243 = 341,



12. Givenatriangle,its midpoint triangle is obtained by joining the midpoints of its sides. A
sequence of polyhedra P; is defined recursively as follows: Py is aregular tetrahedron
whose volumeis 1. To obtain P; 1, replace the midpoint triangle of every face of P; by
an outward-pointing regular tetrahedron that has the midpoint triangle as aface. The
volume of Psis %‘ ,where m and n are relatively prime positive integers. Findm + n.

Solution:

Attaching atetrahedron over the midpoint triangle of a face replaces that face by 6

equilateral triangles of half the side length: the 3 corner triangles plus 3 exposedfaces
1

of the new tetrahedron. So all faces of P; are congruent, with side (5)Z times the
original, and P; has 4 - 6 faces.
Passing from P; to P;. 1 glues one regular tetrahedron onto each face; eachis similar

. , +1 +1 ,
to Py with ratio (%)Z ,hence hasvolume (%)Z .Thevolume added is

71\ g i
vo(z) ==(2).
8 2 \4

Therefore the volume of P3is 1 + % + g—’ + 3% = g—g,andm—l—n =69 + 32 = 101.



13. Inquadrilateral ABCD, /BAD ~= Z/ADCand ZABD =~ /BCD,AB = 8,
BD = 10,and BC = 6.Thelength C' D may be writtenin the form 2, where m and n
arerelatively prime positive integers. Findm + n.

Solution:

Extend AB beyond B and DC beyond C to meet at P. Since /ZPAD = /PDA,
triangle AP D isisosceleswith PA = PD.Also /PBD = 180° — ZABD and
/PCB = 180° — /BCD,so Z/PBD = /PCB.

Triangles PC'B and PB D share angle P andhave ZPCB = Z/PBD, sothey are
similar, giving

PC PB CB 3
PB PD BD 5
Since PB = PA — 8 = PD — 8,the middleratioreads PD58 = %,so PD =20

P
and PB = 12.Then PC = % 12 = ?1,)—6.

FinalyCD = PD — PC = 20 — % = %,whichisinlowest terms,som +n =
64 + 5 = 69.




14. There are 2n complex numbers that satisfy both 228 — 28 — 1 = 0and |z| = 1.These
numbers have the form z,,, = cos8,, + isinf,,,where0 < 6; < 0y < ... < by, <
360 and angles are measured in degrees. Findthe value of 0y + 04 + - - - + 05,,.

Solution:

Write cis @ = cos 6 + i sin §. The equation says 28(22® — 1) = 1. Taking absolute
valuesand using |z| = 1 gives |22 — 1| = 1,s0 2% is at distance 1 from both 0 and
1 :itiscis(£60°).
If 220 = ¢is 60°,then 22° — 1 = cis 120°, 50 2% = cis(—120°) and

520

2t = 5 = cis(60° + 240°) = cis 300°,

(2°)
whichmeans 46 = 300°,i.e.0 = 75° (mod 90°). Conversely every such 6 works,
sincethen 220 = (2%)% = cis 60° and 28 = (2*)? = cis(—120°). The case 22° =

cis(—60°) similarly gives exactly @ = 15° (mod 90°).

Sothe 2n = 8anglesinincreasing orderare 15, 75, 105, 165, 195, 255, 285, 345, and
02 4+ 04 4 05 4+ 03 = 75 + 165 + 255 + 345 = 840.




15. Let EFGH,EFDC,and EH BC be three adjacent square faces of a cube, forwhich
EC = 8,andlet A be the eighth vertex of the cube. Let I, J, and K be pointson EF’,
EH,and EC,respectively, sothat EI = EJ = EK = 2.Asolid Sis obtained by
drilling a tunnel through the cube. The sides of the tunnel are planes parallel to E,
and containing the edges ﬁ, J_K, and K I.The surface area of S, including the walls
of the tunnel,ism + n,/p, where m, n, and p are positive integers and p is not
divisible by the square of any prime. Findm + n + p.

Solution:

Place A = (0,0,0)and E = (8,8, 8),sothat] = (6,8,8),J = (8,6,8), K =
(8,8,6),and AE hasdirection (1, 1, 1). Theline through I in that direction leaves the
cubeat L = (0, 2, 2); similarly J and K leadto M = (2,0,2)and N = (2,2,0).The
tunnel wall through I and Jisthe plane 2z = x 4+ y + 2, which also contains L and M
and crosses the z-axisat O = (0, 0, 1); the other two walls behave symmetrically,
crossing the y- and z-axes at (0, 1,0) and (1, 0, 0).

Now add up the surface. Each of the three cube faces at /' loses aright triangle with
legs 2 (suchas I EJ),leavingarea 64 — 2 = 62. Each of the three faces at Aloses a
quadrilateral of area 2 : onthe face z = Qits vertices are (0, 0,0), (1,0, 0), (2, 2,0),
(0,1,0). Eachtunnelwallis a pentagonlike ILOM J :therectangle I LM J with

IJ = 2v/2and IL = 6+/3hasarea 12v/6, and the isosceles triangle LOM with base
LM = 2+/2 and height /3 adds /6, for 134/6 per wall.

The total surface areais 6 - 62 + 3 - 131/6 = 372 + 39\/6, som—+n+p=372+
39 + 6 = 417.
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