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1. Theincreasingsequence2,3,5,6,7,10,11,...consists of all positive integers that
are neither the square nor the cube of a positive integer. Find the 500th term of this
sequence.

Solution:

Through 529, there are | /529 | = 23 squares, 8 cubes, and 2 sixth powers counted in
both groups. Thus the number of allowed terms at most 529 is

929 — 23 — 8 + 2 = 500.

But 529 = 232 is excluded, while 528 is neither a square nor a cube. Therefore the 500
th termis 528.



2. Findthe value of

(52 + 6/43)*
— (52 — 6v/43)2.

Solution:

Since

52 & 6/43 = (v43 £ 3)?

and /43 > 3, the expressionis (1/43 + 3)% — (/43 — 3)3.Using (z + y)* — (z —
y)? = 6x%y + 2y3 withz = /43 andy = 3 gives

6(43)(3) + 2(27) = 774 + 54
— 828.



3. Let P bearegularr-gonand P; be aregular s-gon (r > s > 3) such that each
interior angle of P is % aslarge as eachinterior angle of P,. What is the largest
possible value of s7

Solution:

The angle condition gives

[\V]

<3

2 59
-2 _587

S

V)

which simplifiestor(118 — s) = 116s.Putt = 118 — s.Then

1
r= 0% 16,

In particular, tis a positive divisor of 13688, and maximizings = 118 — ¢ means taking
the least possible t. The choicet = 1 gives s = 117 and the positive integerr =
13572, which also satisfiesr > s. Hence the largest possible sis 117.



4. Findthe positive solutionto

1
x2 — 10z — 29
. 1
2 — 10z — 45
2 =0
x2—10c — 69

Solution:

Sety = x2 — 10z. Combining the first two fractions and clearing the nonzero
denominators gives an equality between (y — 37)(y — 69) and (y — 29)(y — 45).
Expanding and canceling y? yieldsy = 39.Thusz? — 10z — 39 = 0,s0 (z —
13)(z + 3) = 0.The positive solutionis 13.



5. Letnbethe smallest positive integerthatis a multiple of 75 and has exactly 75
positive integral divisors, including 1 and itself. Find 7.

Solution:

The multiplicative partitions of 75 give exponent patterns (74), (24,2), (14,4),and
(4,4,2). Anumber divisible by 75 = 3 - 5% needs both primes 3 and 5, so the one-
prime patternisimpossible. The two-prime patterns force very large powers of 3 and
5. The smallest three-prime candidate is

n=2%.3%.52

lthas (4 + 1)(4+ 1)(2 + 1) = 75 divisors and is smaller than either two-prime
candidate. Therefore
n  2t.31.52

— = T T _—9%.3% 439,
75 3.52



6. Abiologist wants to calculate the number of fishin alake. On May 1 she catches a
random sample of 60 fish, tags them, and releases them. On September 1 she catches
arandom sample of 70 fish and finds that 3 of them are tagged. To calculate the
number of fishin the lake on May 1, she assumes that 25% of these fish are no longerin
the lake on September 1 (because of death and emigrations), that 40% of the fish
were notin the lake May 1 (because of births and immigrations), and that the number of
untagged fish and tagged fishin the September 1 sample are representative of the
total population. What does the biologist calculate for the number of fishin the lake on
May 17

Solution:

Of the 60 tagged fish, 75% remainin September, so 45 tagged fish remain. The
sample estimates that tagged fish form 73—0 of the September population, making that
population

45 (73—0> = 1050.

Of those fish, 60% were present in May, so 630 surviving May fish remain. These are

75% of the May population. Thus the estimated May population s % = 840.



7. Atriangle hasvertices P = (—8,5),Q = (—15,—19),and R = (1, —7).The
equation of the bisector of /P canbe writteninthe formaz + 2y + ¢ = 0.Finda +
c.

Solution:

We havew = (=7, —24) withlength 25, and PR — (9, —12) withlength 15. The

sum of their unit vectorsis
7 24
v=|——,——
25 25

+34
5 5

1
— —(8,—44
25 (& 44,

so the angle bisector has direction (2, —11). Anormalvectoris (11, 2). Through P =
(—8,5),itsequationis

11(z +8) +2(y — 5) =0,

orllx 4+ 2y + 78 = 0.Hencea +c =11+ 78 = §89.



8.

In a shooting match, eight clay targets are arranged in two hanging columns of three
targets each and one column of two targets. Amarksmanis to break all the targets
according to the followingrules:

(1) The marksman first chooses a column from which a target is to be broken.
(2) The marksman must then break the lowest remaining target in the chosen column.

If the rules are followed, in how many different orders can the eight targets be broken?

Solution:

Once the chosen columnis known at each shot, the target within that columnis
forced. Thus every valid order corresponds to an arrangement of three symbols from
the first column, three from the second, and two from the third. The number of such
arrangementsis

8!

313131~ 200

Afaircoinis to be tossed 10 times. Let %., inlowest terms, be the probability that heads

never occur on consecutive tosses. Findz + 3.

Solution:

Let u,, be the number of length-n toss strings with no consecutive heads. A valid string
ending in tails is obtained by appending T to any valid length-(n — 1) string, while one
ending in heads is obtained by appending T'H to any valid length-(n — 2) string.
Henceu,, = U,_1 + U,_9,withu; = 2anduys = 3. Thisgivesuig = 144.The
probabilityis% = 6%,30’&' +7=94+64="T73.



10. Thesets A = {z : z!® = 1}and B = {w : w*® = 1} are both sets of complexroots
ofunity. ThesetC' = {zw : z € A and w € B}isalsoasetof complexroots of unity.
How many distinct elements arein C'?

Solution:

The arguments of productsin C are

%(a b) ~ 27(8a + 3b)

818 144

Since gcd(8, 3) = 1, the residues 8a + 3b generate every residue modulo 144. Thus

C'is precisely the set of 144throots of unity. Equivalently, its orderis lem(18, 48) =
144.



11. Someone observedthat6! = 8 - 9 - 10. Find the largest positive integer n for which n!
canbe expressed as the product of n — 3 consecutive positive integers.

Solution:

Then — 3 consecutive integers beginning at 4 have product

!

45 m="

6

while those beginning at 5 have product
(n+1)!
5.-6--- 1) =~ —/°
(n+1) o

_n—i—ln'
24

Forn = 23, the latter product equalsn!, so 23 works. Foreveryn > 24, the product
beginning at4is below n!, the product beginning at 5 is above n!, and the product
strictly increases withitsinitial term. Hence non > 24 works, and the largest possible
valueis 23.



12. Aregular 12-gonisinscribedin a circle of radius 12. The sum of the lengths of all sides
and diagonals of the 12-gon can be writtenin the form

a+ bV2 + ¢V/3 + dV6,

where a, b, c,and d are positive integers. Finda + b + ¢ + d.

Solution:

Forstepsizesk = 1,...,5,thereare 12 chords of length 24 sin(%’), andthere are 6

diameters of length 24. The five chord lengths are

6(vV6 —+2), 12, 12v2,
123, 6(vV6+V?2).

TheirsumU is

U=12+12v2
+12v/3 + 12V6.

Therefore the totalis

12U + 6(24) = 288 + 144V/2
+144+/3
+ 144/6.

Hencea = 288andb =c=d = 144,soa + b+ c+ d = 720.



13. Let T be the set of powers 9’“, where kis anintegerwith0 < k < 4000. Given that
94000 h55 3817 digits and that its first (leftmost) digit is 9, how many elements of T’
have 9 as their leftmost digit?

Solution:

Fork > 1, the number9* begins with 9 exactly when it has the same number of digits
as 971, Indeed, multiplying a d-digit number by 9 without creating a new digit
produces a d-digitnumber atleast9 - 10471,

Starting from the one-digit number 9°, the digit count reaches 3817 after 4000
multiplications. Thus it increases on 3816 steps and stays unchanged on 4000 —
3816 = 184 steps. Since 9° = 1 does not begin with 9, exactly 184 elements of T do.



14. The rectangle ABC D below has dimensions AB = 124/3 and BC = 13+/3.
Diagonals AC and BD intersect at P. If triangle ABP is cut out and removed, edges
AP and BP arejoined, and the figure is then creased along segments CP and D P,
we obtain a triangular pyramid, all four of whose faces are isosceles triangles. Find the
volume of this pyramid.

C B
12v/3
D 13\/§ A
v

Solution:

Afterfolding, A and B become one vertex X . Each half-diagonal of the rectangle has

length @.Thus

XP =CP = DP = ?,
while XC = XD = 13v/3andCD = 12v/3.
Place
C = (—6+/3,0,0),

D = (6v3,0,0),

and X = (0,4/399,0). These coordinates give the required lengths from X to C and
D.Because Pis equidistant from C and D, write P = (0, u, h). Equating PC? and
PX? gives




Then PC? = 22 yields

99
V133"

The base triangle XC' D has area

%(12[3)(\/@) — 18V/133.

soh =

Therefore the pyramid’s volume is

1 99
5(18@) (ﬁ) = 594.



15. Find az® + by® if the real numbers a, b, , and y satisfy the equations

ax + by = 3,
az? +by? =7,
az’ + by® = 16,
azt + byt = 42.

Solution:

Let S, = ax” + byk, p =z +y,andq = zy. Since each of z, y satisfies t> = pt —
q,

Ski2 = PSk+1 — qSk-
UsingS1 =3, So =7, S3 = 16,and S, = 42 gives
7p — 3q = 16,
16p — 7q = 42.

Solvingyieldsp = —14and g = —38. Therefore

S5 = pSs — qSs
= —14(42) + 38(16)
= 20.
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