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1. Whatis the sum of the solutions to the equation y/z = 7_1%/5?

Solution:

Lett = {/z,sot > 0.The equation becomes
t(7—t) =12,

ort? — 7t + 12 = 0.Thust = 3ort = 4, and bothvalues are valid in the original
equation. Hencez = 3* = 8l orz = 4* = 256, and theirsumis 81 4 256 = 337.



2. Evaluate the product

(V5 + V6 +V7)

(—VB+ 6+ VT)
(VB = V6 +V7)
(VB + V6 —VT).

Solution:

Pair the first two factors, then the last two:

(V6 +V7)? — (V5)?
= 8 + 2v/42,
(V5)? = (VT — v6)’
— —8 4 2V/42.

Therefore the requested productis

(8 4+ 21/42)(—8 + 21/42)
— 168 — 64 = 104.



3. Iftanz + tany = 25andcot « + cot y = 30, whatistan(z + y)?

v
Solution:
Since
tanz + tan
cotr + coty = tana:tanyy’
the given equationsyieldtanx tany = % = %.Therefore
tanx + tany
tan(x =
(z +v) 1 —tanxtany
25
=1 %

= 150.



4. Determine 3x4 + 2x5if ¢1, T2, T3, T4, and x5 satisfy the system

21 + 9 + 3 + 4 + 5 = 6,
X1+ 2x2 + 23 + x4 + x5 = 12,
z1 + T2 + 223 + T4 + x5 = 24,
1+ xo + 23 + 224 + T5 = 48,
x1 + T2 + 3 + T4 + 225 = 96.

Solution:

PutS = a1 + &2 + 3 + x4 + 5. The five equations say that S + x; equals
6,12, 24,48, 96, respectively. Adding them gives

65 =6 + 12 + 24 + 48 + 96
— 186,

soS = 31l.Hencexy =48 — 31 = 17and x5 = 96 — 31 = 65. The requested value
is3(17) + 2(65) = 181.



5. Whatis the largest positive integer n for whichn® + 100 s divisible by n + 107

Solution:
Modulon + 10, we haven = —10. Thus

n3 +100 = (—10)3 + 100
= —-900 (mod n + 10).

The conditionis therefore equivalentton + 10 | 900. Since nis positive,n + 10is a
positive divisor of 900, and its largest possible value is 900. This givesn = 900 —
10 = 890.

6. Thepagesof abookare numbered 1 through n. When the page numbers of the book
were added, one of the page numbers was mistakenly added twice, resultinginan
incorrect sum of 1986. What was the number of the page that was added twice?

Solution:
Consecutive triangular numbers around 1986 are

62 - 63

= 1953,

63 - 64
—5 = 2016.

Hence the book has 62 pages, and the extra summandis 1986 — 1953 = 33, whichis
indeed a valid page number.



7. Theincreasingsequencel, 3,4,9,10,12,13,...consists of allthose positive
integers which are powers of 3 or sums of distinct powers of 3. Find the 100th term of
this sequence.

Solution:

A sum of distinct powers of 3 has only 0’'sand 1’sin base 3. As these stringsincrease,

they occurinthe same order as binary numerals with the same digit strings. Since
100 = 11001009,

the 100th positive termis

11001005 = 3% + 35 + 32
=729 + 243 +9
— 981.

8. Let S bethesum of the base 10logarithms of all the proper divisors of 1000000. What
isthe integernearestto 57

Solution:

Let N = 1000000 = 255, 1thas (6 + 1)(6 + 1) = 49 positive divisors. The product
of all of themis N ¥ , $0 the sum of theirbase-10logarithmsis

49 49

—1 N = — -6 = 147.

9 0810 9

The proper divisorsinclude 1 but exclude NN itself. Subtractinglog,, N = 6 gives

S = 141, already aninteger.



9.

INnANABC, AB = 425, BC = 450,and AC = 510. Aninterior point P is drawn, and
segments are drawn through P parallel to the sides of the triangle. If these three
segments have equallength d, find d.

Solution:

Writea = BC = 450,b = CA = 510,andc = AB = 425. Letx, y, z be the
distances from Pto BC', C'A, AB, respectively, each divided by the corresponding
altitude. Area decompositiongivesx +y + z = 1.

By similar triangles, the segment through P parallel to BC haslengtha(1l — z), and
similarly the other two lengths are b(1 — y) and ¢(1 — z). Since all three equal d,

d
r=1——,
a
d
=1- -,
Y b
d
z=1——.
&
Theirsumis1,so
B 2abc
~ab+bc+ca’
Substituting the three side lengths gives
q— 195075000
637500

= 306.



10. Ina parlor game, the magician asks one of the participants to think of a three-digit
number (abc), where a, b, and crepresent base-10 digits in the indicated order. The
magician then asks this person to form the numbers (acb), (bca), (bac), (cab), and
(cba), to add these five numbers, and to reveal their sum V. If told IV, the magician
canidentify the original number (abc). Play the role of the magician and determine
(abc)if N = 3194.

Solution:

Across all six permutations, each digit occurs twice in each place, so their totalis
222(a + b+ ¢).Puts = a + b + candlet the original number be M. Since the other

five sumto 3194,

M = 222s — 3194.

Because 100 < M < 999, weneed 15 < s < 18. Testing these four values gives
M = 136, 358, 580, 802, respectively. Only 358 has digit sum equal to its assumed
value, namely 16. Therefore the original numberis 358.



11. Thepolynomiall — x + 22—+ 4216 — 7 may be writtenin the form

a0+a1y+a2y2+-'-
16 17
+ay +arry,

wherey = x + 1andthe a;’s are constants. Find as.

Solution:
The polynomial is 2,167:0(—33)’“. Sincex = y — 1, thisbecomes

17

> (1-y)t.

k=0

Fork > 2,the coefficientof y2in (1 — y)¥is (’;) Hence

e 3 (5) = (1) -

k=2



12. Let the sum of a set of numbers be the sum of its elements. Let S be a set of positive
integers, none greater than 15. Suppose no two disjoint subsets of S have the same
sum. Whatis the largest sum a set .S with these properties can have?

Solution:

First, S has at most five elements. If it had sixelements sq, . . ., Sg, thenits 64 subset
sums would all be distinct: equality between two subset sums, after cancelling their
common elements, would violate the given condition.

Choose a subset uniformly at random andlet X beits sum. Then

6
1
Var(X) = 1 Zs?

=1
(10° +11% + - -+ + 15%)

_ 955
_ 955,

<

R

Onthe otherhand, X is uniform on 64 distinct integers. The least possible variance for
64 distinct integers occurs when they are consecutive, and is

642 —1 1365
12 4

a contradiction.

A set with at most four elementshas sumatmost12 4+ 13 + 14 + 15 = 54. There are
only seven five-element subsets of {1, ..., 15} whose sums are at least 62. Each fails,
as witnessed by the following equal sums:

{8,12,13,14,15} : 13 + 14 = 12 + 15.{9,11,13,14,15} : 11 4+ 13 = 9 + 15.
{9,12,13,14,15} : 13 + 14 = 12 + 15.

{10,11,12,14,15} : 11 + 14 = 10 + 15.{10,11,13,14, 15} : 11 + 13 = 10 + 14.
{10,12,13,14,15} : 12 + 13 = 10 + 15.{11,12,13,14, 15} : 12 + 13 = 11 + 14.

Thus the answeris atmost 61.



13.

The set {8,11,13, 14, 15} attains 61. Its 32 subset sums, in order, are

0,8,11,13,14, 15,19, 21,
22,23, 24, 25, 26, 27, 28, 29,
32, 33, 34, 35, 36, 37, 38, 39,
40, 42, 46, 47, 48, 50, 53, 61,

all distinct. Equal sums from arbitrary subsets would, after deleting theirintersection,
give equal sums from disjoint subsets, so this verifies the required property.

Ina sequence of cointosses, one can keep arecord of instances in which a tail is
immediately followed by a head, a head isimmediately followed by a head, and so on.
We denote these by TH, HH, and so on. For example, in the sequence
HHTTHHHHTHHTTTT of 15 coin tosses, there are two HH, three HT, four TH, and five TT
subsequences. How many different sequences of 15 coin tosses contain exactly two
HH, three HT, four TH, and five TT subsequences?

Solution:

Since there are four TH transitions and three HT transitions, every valid sequence starts
with Tand ends with H. It therefore has four T-runs and four H-runs, alternating.

If the H-runs have total length h, then the number of HH transitionsis h — 4. Thush =

6, and the positive lengths of the four H-runs can be chosenin (Z:}) = (g) =10

ways. Similarly, five TT transitions mean that the four T-runs have totallength 9, giving

(Zj) = (g) = 56 choices. The alternating order s fixed, so the number of sequences

is10 - 56 = 560.



14. The shortest distances between aninterior diagonal of arectangular parallelepiped P

andthe edgesitdoesnotmeetare 2\/5, 3—1%, and \}_f_o' Determine the volume of P.

Solution:

Let the side lengths be a, b, c. For example, the distance from the space diagonal with
direction (a, b, ¢) to anonintersecting edge parallel to the a-direction s

be
Nt

The other two distances are obtained cyclically. We may assign the three given
distances to these three directionsin the listed order, since permuting them only
permutes the side lengths.

Put X = é,Y = b%,andZ = C%.Taking reciprocal squares gives

1
Y+7=—
i 20’
13
X+7Z=—
+ 900’
X+v=2
45
Solving,
x_ L
225
1
25’
1
Z = —.
100

Hence the side lengths are 15, 5, 10, and the volumeis 15 - 5 - 10 = 750.



15. Let triangle ABC be aright triangle in the zy-plane with aright angle at C'. Given that
the hypotenuse AB haslength 60, and that the medians through A and B lie along the
linesy = = + 3andy = 2z + 4, respectively, find the area of AABC.

Solution:

The median lines meet at the centroid G = (—1, 2). Forreal u, v, write

A =G+ (u,u),

B =G + (v, 2v).
SinceA+ B + C = 3G,

C =G — (u,u) — (v,2v).
The condition AC' 1. BC gives
(2u + v, 2u + 2v)
(v + 2v,u + 4v) =0,

or
4u® + 15uv + 10v* = 0.
Meanwhile AB = 60 gives

(u —v)* + (u — 2v)?
= 2u® — 6uv + 5v*
= 3600.

Subtracting half of the first equation from the second yields — 277uv = 3600,souv =

_ 800
3 -



Using the two perpendicularlegs from C, the area is half the absolute determinant:

1
450 L (200 2020

u+2v u-+4v
1\3 | = 400

= —|3uv| = X

2
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