1985 AIME Solutions

Typeset by: LIVE by Po-Shen Loh
https://live.poshenloh.com/past-contests/aime/1985/solutions

Problems © Mathematical Association of America. Reproduced with permission.

1. Letx; = 97,andforn > lletx, = m" .Calculate the product iz - - - x3g.

n—1

Solution:

Therecurrence gives x,,_1x,, = n. Therefore

1T -+ g = (T129)(T324)
- (w526) (T73)
—9.4.6-8
= 384.



2. Whenaright triangleisrotated about one leg, the volume of the cone producedis
8007 cm3. When the triangle is rotated about the otherleg, the volume of the cone
producedis 19207 cm?. What is the length (in cm) of the hypotenuse of the triangle?

Solution:

Let thelegs be aandb. Ina suitable order,
1 5
—mb“a = 8007,
3
1
§7ra b = 19207.

a 12

Theirratio gives y = &, sowritea = 12k andb = 5k. The first equation becomes

100%k3 = 800, hence k = 2. Thelegs are 24 and 10, so the hypotenuse is

V242 + 102 = 26.

3. Findcifa,b,and care positive integers which satisfy ¢ = (a + bi)® — 1073, where
2
1° = —1.

Solution:

Expanding and using that cis real gives
b(3a® — b*) = 107.

Since 107is prime, b = 1 or107. The latter would require 3a? = 11450, whichis
impossible. Thusb = 1,and 3a? — 1 = 107,soa = 6. Thereal partis

c=a®— 3ab®> =216 — 18 = 198.



4. Asmallsquareis constructedinside asquare of area 1 by dividing each side of the unit
square into n equal parts, and then connecting the vertices to the division points
closest to the opposite vertices. Find the value of n if the area of the small square is

1
exactly 1ggz -

1/n

Solution:
Put the outer square at (0, 0), (1, 0), (1, 1), (0, 1). One pair of construction lines has
equations

ne — (n— 1)y =0,

nx — (n— 1)y = 1.
The other pairis perpendicular to this pair, and the two pairs have the same separation.
Thus the inner square has side length

1
Vn?+ (n—1)2

1
and area pea (i v Hence

n? 4 (n — 1)% = 1985,

orn® —n — 992 = 0. Its positiverootisn = 1452 = 32.



5. Asequenceofintegersaj,as,as,...ischosensothata, = a, 1 — a, s foreach
n > 3. Whatis the sum of the first 2001 terms of this sequence if the sum of the first
1492 termsis 1985, and the sum of the first 1985 terms is 14927

Solution:

Puta; = rzandas = y. The first sixterms are

L, Y, y—&, —L, —Y, £—Y,

after which the sequence repeats; these six terms sumto 0. Since 1492 = 4 (mod 6)
and 1985 = 5 (mod 6), the given equations are

2y — x = 1985,
y—x = 1492.

Thusy = 493. Since 2001 = 3 (mod 6), therequestedsumisz +y + (y — x) =
2y = 986.



6. Asshowninthe figure, triangle ABC'is divided into six smaller triangles by lines drawn
from the vertices through a commoninterior point. The areas of four of these triangles
are as indicated. Find the area of triangle ABC'.

C

84

40 1 30

Solution:

Let the unlabeled upper-right and upper-left areas be  and y, respectively. The three
side-divisionratios and Ceva’s theorem give

4 35 84

1,
3 = y

sozy = 3920.

The cevian from A meets BC'. The ratio of the two segments of BC'is % Computing
the same ratio from the two large triangles with vertex A gives

35 40 +30+35

x T+y-+84

soy + 84 = 2z. Solvingwithzy = 3920yieldsz = 70 andy = 56. Therefore

[ABC] = 84 + 70 + 35
+ 30 + 40 + 56 = 315.



7. Assumethata, b, c,and d are positive integers suchthata® = b*,¢® = d?,andc —
a = 19. Determined — b.

Solution:

Comparing prime exponents, write

forpositive integers s, t. Then
(s —t*)(s +1*) = s> —t* = 19.
Since 19is prime, the factorsare 1 and 19, giving s = 10andt? = 9. Thust = 3, and

d—b=10%-3°
— 1000 — 243 = 757.



8. The sum of the following seven numbersis exactly 19 :

a; = 2.56,
az = 2.61,
a3 = 2.65,
ay = 2.71,
as = 2.79,
ag = 2.82,
ar; = 2.86.

Itis desired to replace each a; by aninteger approximation A4;,1 < 7 < 7, so thatthe
sum of the A;’sis also 19 and so that M, the maximum of the errors |AZ- —a; \, isas
small as possible. For this minimum M, whatis 100M ?

v/
Solution:
Choose A1 = Ay = 2and A3 = --- = A; = 3.Thesumis 19, and the largest erroris
|A2 - a2\ = 0.61.

If M < 0.61,then Aa, ..., A7 mustallequal 3,and A1 canonly be 2 or 3. Their sum

would therefore be at least 20, a contradiction. Thus the minimumis M = 0.61, and
100M = 61.



9. Inacircle, parallel chords of lengths 2, 3, and 4 determine central angles of o, 8, and
a + Bradians, respectively, where a + 8 < . If cos o, which is a positive rational
number, is expressed as a fractionin lowest terms, what is the sum of its numerator and
denominator?

v
Solution:
Putk = 55,2 = cos($),andy = cos(g).The chord data give
o
in — = 2k
sin :
in = = 3k,
sin
sin = ; "

The addition formulayields 2y + 3x = 4. Also

4 9 ’

4—-3z

5 .Hence

so9x? — 4y? = 5. Substitutingy =

el

givesx =

cosa =222 — 1=

oo|»—\
CIRS]

andtherequestedsumis 17 + 32 = 49.



10. How many of the first 1000 positive integers can be expressed in the form

11.

|2z + |4z] + |6z] + [8z],

where z is arealnumber, and | z | denotes the greatest integer less than or equal to 27

Solution:

Lety = 2z = m + r,wheremisanintegerand 0 < r < 1.The expressionis
10m + |r] + [2r]| + |3r] + [4r].

Checking the breakpointsr = 7, 3, 5, 5, 7 shows that the fractional-part
contribution takes exactly the values 0, 1, 2, 4, 5, 6. Thus precisely six residue classes

modulo 10 are attainable. Among the first 1000 positive integers, this gives 100 - 6 =
600.

Anellipse has fociat (9, 20) and (49, 55) in the xy-plane and is tangent to the z-axis.
What is the length of its major axis?

Solution:

Reflect (49, 55) across the z-axis to (49, —55). For a point P on the z-axis, the sum of
its distances to the original foci equals the length of a broken path from (9, 20)
through P to (49, —55). Its minimum is the straight-line distance

v/ (49 — 9)2 4+ (=55 — 20)2

= /402 + 752 = 85.

Tangency means that the ellipse’s constant distance sum equals this minimum. That
sum s the major-axis length, so the answeris 85.



12. Let A, B, C,and D be the vertices of aregular tetrahedron, each of whose edges
measures 1 meter. Abug, starting from vertex A, observes the following rule: at each
vertex it chooses one of the three edges meeting at that vertex, each edge being
equally likely to be chosen, and crawls along that edge to the vertex atits opposite
end.Letp = & bethe probability that the bugis at vertex A whenit has crawled

729
exactly 7 meters. Find the value of n.

Solution:

Let p;, be the probability that the bug is at A after k steps. It cannot stay at A, while
from any other vertex it moves to A with probability % Hence

_1-m _
Pe1 = — po = 1.
Solving thisrecurrence gives
1 1\"
Pr=374\ "3
Thus p; = % — 4_—%7 = %,son = 182



13. The numbers in the sequence 101, 104, 109, 116, . . . are of the forma,, = 100 + n?,
wheren = 1,2,3,....Foreachn,letd, be the greatest common divisor of a,, and
a1 1- Find the maximum value of d,, as n ranges through the positive integers.

Solution:

A common divisor d,, divides
Api1 — ap = 2n + 1.
It therefore also divides

4(n?® +100) — (2n 4 1)?
+2(2n +1) = 401.

Since401is prime,d,, < 401. Equality occursatn = 200, because 2n + 1 = 401
andn? + 100 = 40100 = 100 - 401. Hence the maximumis 401.



14. In atournament each player played exactly one game against each of the other
players. Ineach game the winner was awarded 1 point, the loser got 0 points, and each
of the two players earned % pointif the game was a tie. After the completion of the
tournament, it was found that exactly half of the points earned by each player were
earned against the ten players with the least number of points. (In particular, each of
the tenlowest-scoring players earned half of her or his points against the other nine of
the ten.) What was the total number of players in the tournament?

Solution:

The games among the tenlowest players contribute (120

half of those ten players’ combined score, so their combined score is 90. Hence they
earned 45 points in games against the other m players.

) = 45 total points. These are

The other players therefore earned 10m — 45 points against the lowest ten. By the
condition, this is half their combined score, whichis (m—;lO) — 90.Thus

1
2(10m — 45) = (m ; O) — 90,

giving (m — 6)(m — 15) = 0.1f m = 6, the lowest ten average 9 points while the
other sixaverage only 5, impossible for the latter group to rank above them. Hence
m = 15, and the total number of playersis 10 + 15 = 25.



15. Three 12 cm X 12 cm squares are each cutinto two pieces A and B, as showninthe
first figure below, by joining the midpoints of two adjacent sides. These six pieces are
then attached to aregularhexagon, as showninthe second figure, so astofoldinto a
polyhedron. What is the volume (in cm?) of this polyhedron?

Solution:

Consideral2 x 12 x 12 cube and the plane through the midpoints of the sixedges
thatjoin opposite groups of three vertices. Incoordinates 0 < z,y, z < 12, thisis the
planex 4+ y 4+ 2z = 18.Its cross-sectionis aregular hexagon with side 6\/§, the same
as the cut edgejoining adjacent side midpoints.

Onthree faces of the cube, the plane leaves a square with a corner triangle removed,
exactly piece A. Onthe otherthree faces, it leaves the complementary right-
isosceles corner triangle, exactly piece B. Thus the pictured net is one of the two
pieces into which this plane cuts the cube. Central symmetry interchanges the two
pieces, so each has half the cube’s volume:

123
V = — = 864.
2
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